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Abstract

The collective motion of active matter, in which individual constituent elements continuously inject

energy into the system, has garnered significant attention over the past few decades. Active matter
constitutes a class of nonequilibrium systems exhibiting unique dynamical behaviors that are absent in
equilibrium systems. A unified understanding of the mechanisms governing these dynamics is critical
for unraveling pattern formations and fluctuation properties in active matter. This thesis focuses on
active matter systems where constituents align their directions of motion via mutual interactions,
analyzing two representative cases: the pattern formation in active nematic liquid crystals under
external fields and the fluctuation properties of active solids featuring alignment interactions. The key
studies are summarized as follows:
Active nematics: Active nematics are nematic liquid crystals where each molecule creates hydrody-
namic stress along its alignment axis. We begin with an overview of active nematic liquid crystals,
including experimental systems such as microtubule-kinesin suspensions, bacterial colonies, and cel-
lular tissues. We introduce the theoretical framework based on extensions of equations for passive
nematic liquid crystals, incorporating an activity term. We review key phenomena such as chaotic
active turbulence, the characteristic dynamics of topological defects, and the influence of external
controls on these behaviors. We numerically investigate the influence of an electric field on the flow
patterns and defect dynamics of two-dimensional active nematic liquid crystals (Chap. 2). Our find-
ings show that field-induced reorientation of the director leads to three distinct regimes: (1) active
turbulence with chaotic defect motion, (2) a laning state, stripe-like alternating laminar flows, and (3)
a uniformly aligned state without flow. The boundary between (2) and (3) is estimated with linear
stability analysis of the uniform state. The average flow speed and anisotropy reach their peaks at the
laning state that appears in intermediate field strength. Localized vortices are created and disappear
leading to periodic oscillation of the states between the active turbulence and laning state in the inter-
mediate regime. In this regime, an undulation instability of the lanes forms localized vortices inside
them. They collapse to create two pairs of topological defects, which recombine and annihilate to
restore the laning state. Next, we explore the influence of random fields on two-dimensional active
nematic liquid crystals (Chap. 3). In biological systems, internal or external cellular environments
often contain structural heterogeneities that disrupt the alignment of liquid crystals. We model these
effects by a quenched random field imposed on the nematic liquid crystals. Our simulations show that
the system undergoes a transition from the active turbulence to a frozen state in which the alignment
pattern is arrested with a strong random field. In this frozen state, the nematic director locally aligns
with the random field. We found short-range orientational correlations similar to random passive
nematics, while the flow velocity retains long-range correlations that decay logarithmically reflecting
the form of the Green function of the Stokes equation. This phenomenon is independent of the type of
active stress (extensile or contractile). The coexistence of local order and global flow is a novel feature
that characterizes active nematics with quenched randomness.

Active solids: Active matter at high density often exhibits solid states that have attracted attention in
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recent years. We focus on active solids, elastically deformable materials composed of self-propelled
particles. The self-driving of each component causes non-equilibrium fluctuations. A coupling
between the orientation of each component and its velocity induces drastic changes in the nature of
collective motion. An experimental realization of such systems is a network of HexBug® robots
connected by springs. In this system, the alignment of the robots causes the migration of the solid.
On the other hand, simulations show that the direction of self-propulsion becomes random when the
rotational noise is large. The static properties of this system have been investigated in both the random
and migrating states, and it is shown that the direction of self-propulsion exhibits a quasi-long-range
order in the migrating state. However, the dynamic properties of this state have not been investigated.
We then examine fluctuation spectra in active solids featuring polar alignment interactions (Chap. 4).
The study reveals unique excitation modes arising from the coupling between activity and alignment
interactions. They can be obtained by solving the linearized equations for fluctuations from a noise-free
state. The fluctuations reflect the anisotropy of the elastic interaction and the direction of migration.
The peaks shift to higher wavenumber and frequency as the coupling or the self-propulsion speed
increases. The results of the numerical simulation and the analytical solution are in good agreement.
These nonequilibrium fluctuations differ fundamentally from equilibrium fluctuations, as evidenced by
the rate of entropy production that quantifies the rate of energy dissipation or irreversibility associated
with the system’s deviation from equilibrium, based on the probabilities of forward and reverse
transitions. It is known that the rate of entropy production in a steady state is proportional to the off-
diagonal components of the fluctuation spectrum matrix. In this system, only the coupling between
fluctuations perpendicular to the migration direction and the self-propelling angle contributes to it.
By investigating systems where activity and alignment interactions coexist, this work uncovers qual-
itatively distinct dynamics, including novel pattern formations and characteristics of non-equilibrium
fluctuations. These findings lay the groundwork for future studies on active matter systems with align-
ment interactions, offering potential applications in understanding biological collectives and designing

advanced biomaterials.
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Chapter 1

Introduction

1.1 Active matter

1.1.1 Basic concept of active matter

Figure 1.1: A gallery of images related to collective behavior. Among others, it illustrates the
possible existence of very general behavioral patterns. (a) Wingless Locusts marching in the eld.
(b) A rotating colony of army ants. (c) A three-dimensional array of golden rays. (d) Fish are known
to produce such vortices. (e) Before roosting, thousands of starlings producing a fascinating aerial
display. They are also trying to avoid a predator bird close to the central, nger-like structure. (f) A
herd of zebra. (g) People spontaneously ordered into tra c lanes as they cross a pedestrian bridge
in large numbers. (h) Although sheep are known to move very coherently, just as the corresponding
theory predicts, when simply hanging around (no motion), well developed orientational patterns
cannot emerge.

The gure and the above caption are reprinted from [1] (T. Vicsglal, Collective motion , Phys.
Rep.517, 71 140 (2012)),© (2012), with permission from Elsevier.
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Active matter refers to systems in which biological or physical components consume energy to move
or deform, resulting in unique collective physical and dynamic behaviors [15]. This eld draws
inspiration from biological phenomena (Fig. 1.1), such as bird ocks [6], sh schools [7], cell move-
ments [8 12], and bacterial colony formations [13, 14], aiming to understand their collective dynamics
and pattern formation. Recently, active matter, with its wide applications, has attracted signi cant
attention [15]. Due to its nature as a non-equilibrium system, active matter exhibits complex dynamic
patterns that cannot be explained by equilibrium thermodynamics or statistical mechanics [16]. For
example, vortex structures [17] and true long-range orientational order [18] emerge from interactions
among active elements.

Furthermore, individual elements and particles often interact either locally or non-locally with
other elements to coordinate their movements. There are many types of interactions, such as short-
range interactions like the excluded volume e ect and long-range interactions like hydrodynamic
interactions. Among these, alignment interactions that change the orientation of self-propulsion of
particles are key to collective order and pattern formation. These interactions are crucial in modeling

phenomena such as bird ocks [6].

1.1.2 Classi cation

Active matter can be classi ed into several classes based on the directionality of self-propulsion and the
symmetry of interactions [3]. Firstly, regarding the direction of self-propulsion, particles may move
either (i) along their speci c directionality towards the head direction or (ii) move randomly in forward
and backward directions with equal probability. Secondly, there are di erent types of interactions that
align the orientation of particles: (i) polar interactions where particles align their direction of motion
with each other, (ii) nematic interactions where particles align along an axis without polarity, so they
orient at an angle of either O degrees or 180 degrees from each other, and (iii) no aligning interactions
where the direction of self-propulsion is determined individually.

Furthermore, the presence or absence of long-range interactions is also an important factor. For
instance, in systems referred to as dry systems [19], only short-range interactions such as excluded
volume e ects are present. In contrast, in systems known as wet systems [17], hydrodynamic inter-
actions play a signi cant role. Similarly, as discussed below, elastic interactions are a key factor in
active solids [20, 21]. The hydrodynamic and elastic interactions are long-ranged in bulk systems
without boundaries. This thesis focuses exclusively on systems with long-range hydrodynamic or

elastic interactions.

1.1.3 Dry active matter

Here, l introduce the representative models of dry active matter, Vicsek-style models in two dimensions:

Vicsek model, self-propelled-rods, and dry active nematics [19]. All of them have short-range metric

interaction, an interaction between particles that depends on the physical distance between them.
Firstly, the Vicsek model [22, 23] is one of the models of matter exhibiting polar motion and

polar short-range interactions. The Vicsek model is a minimal framework to study collective motion
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in systems of self-propelled particles. In this model, particles move at a constant speed in a two-
dimensional space, and their orientation aligns with the average direction of their neighbors within a
certain radius, subject to noise. In the context of physics, the model is a two-dimensional XY model
with particle ow. In terms of the model equations, at each time €dhe positionrg and velocity

Bel\ & of particle8are updated as follows:

rgtC C=rg'lC, e\ C (1.1a)
o
\g!C, @ =arg 9l [4C, (1.1b)
Ng

whereNgrepresents the set of neighbors within a xed interaction ragjuscluding8itself, and g:C
is a random noise term uniformly distributed within[ «2,[ « 2% There are four parameters: particle
densityd, interaction radiugy, particle velocityky, and noise intensityy. Here, the velocity must be
slow enough for the interaction to occur. By normalizing the interaction radius to 1, two qualitatively
important parameters remain: particle densitgnd noise intensitj.

There are two states in this system: an ordered state where the self-propulsion directions of the
particles are aligned in a single direction and a random state. Interestingly, the ordered state has
a true long-range orientational order of a polar oréler jhel\ Lij [19]. In the two-dimensional
XY model with xed particles, it is known that there is no long-range order due to the spontaneous
breaking of continuum symmetry (Mermin Wagner theorem [24]). Instead, a quasi-long-range order
is realized in which the orientation correlation function should decay in a power-law manner. However,
in the Vicsek model, the orientation of particles has a true long-range order in which the orientation
correlation function remains nite in the long-range limit. Since the ordered phase is a state in which
orientation symmetry is broken, the transition between the two states is a discontinuous transition with
spontaneous symmetry breaking from a random state to an aligned state [25, 26]. Near the transition
point, a two-state coexistence state is realized, where the ordered and disordered states propagate in
bands called Vicsek bands. Another notable feature of this system is the anomalous uctuation of the
number of particles. In general, the particle uctuatio¥ h #i°2i : behaves in a power-law fashion
with respect to the mean vall# i whereh iis the particle average over a certain region. Let the
exponent baJ: h# h#i°% 5 / h#iVY. In the equilibrium system) = 0.5 according to the central
limit theorem. Even in the disordered state of the Vicsek mddéhkes the same value as the above
one. On the other hand, in the ordered state, the exponent betbm@&s8. This larger-than-usual
particle number uctuation is called giant number uctuation.

Next, self-propelled rods have polar motion and nematic interaction. The time-evolutions of the

positionrgand velocityge?\ ¢ of particle8are as follows:

rgtC C=rgC, e\ C (1.2a)

(@]

\g!lC C=arg sign cos\g \g €9 [¢C, (1.2b)
Ng

where the meanings of the variables are the same as the Vicsek ones. The large-scale properties of this
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system have been reported in the paper by Gieelél. [27]. Unlike the Vicsek model, this system
shows four states as the noise is increased: from small noise (i) homogeneous nematic order, (ii) stable
nematic bands, (iii) unstable nematic bands, and (iv) spatially homogeneous disordered. In particular,
the nematic order parameter= jhexpt&@\ i j takes a non-zero value in the large-system-size limit in
the state (i). This suggests that true nematic long-range order appears in the system. When we look
at the distribution of polar orientation, we can see that there are two peaks of the same magnitude at
the directions of the nematic ordgYg and \g, indicating that there is migration of the same scale
in the positive and negative directions. Like the Vicsek model, giant number uctuation is observed
with the exponenty 0.8

Finally, dry active nematics have apolar motion and nematic interaction. The time-evolutions of

the positionrg and velocitykpet\ & of particle8are as follows:

rgtC, C=rgC kel C (1.3a)
0
\g!lC C=arg sign cos\g \g €94 [4C, (1.3b)
Ng

where the particles move forward or backward with equal probabilities. The properties have been
reported in Ref. [28]. The system has a state transition from an orientationally disordered state to
an ordered state at critical noise strenfth Unlike the two systems above, this system does not
have polar or nematic long-range order in the aligned state that appears when the noise is small.
Instead, it has a quasi-long-range order with respect to the nematic(owdeich is reminiscent of
the Kosterlitz Thouless transition. Indeed, the nematic order paranféte? as a function of the
number of particles in this state scales(a#°® # < where&Z 116 at the critical poinff », in

good agreement with the scaling expongnt 1+ 16 for the Kosterlitz Thouless transition. The giant

number uctuation with the exponefit 0.8 has also been reported [29].

1.2 Passive nematic liquid crystals

In this section, we overview the theoretical model of passive nematic liquid crystals. Nematic liquid
crystals are a material composed of molecules that align their long axes in the same direction on
average with disordered positions of the center-of-mass, while still owing like a liquid. Since we are
interested in macro-scale dynamics, we use the continuum model to describe nematic liquid crystals.
The physical quantities that need to be considered are the molecular alignment of liquid crystals and
the ow velocity. The theoretical model of nematic liquid crystals is well described by a second-
rank tensor that represents the orientation and degree of alignment [30]. Many textbooks, such as
Refs. [30 33], have been published on the theory of nematic liquid crystals. Most of this subsection
is essentially covered in these textbooks. Before going through the detailed theory, some assumptions

should be made to clarify our target system.

~ Uniaxial molecules, in other words, rod-like molecules are considered.
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” Molecular density is signi cantly high and constant over the sysid&0, 32].

" The uid containing the molecules (in other words, under the above condition, the mixture of

the molecules and surrounding uid) is incompressible.

The equations consist of the following two main equations:

1. The dynamic equation for a second-rank tensor that represents molecular alignment

2. The equation of uid motion (an extended Navier Stokes equation)

1.2.1 Alignment tensor (Q-tensor)

Consider a small region containing a statistically large number of molecules. The orientation of the
8th molecule within this region is represented by a unit veetprlf the orientation of the molecule

is distinguishable along the rotation axig is uniquely de ned. On the other hand, for molecules
without head-tail distinctionag can be determined randomly. Now, let th&xis represent the average
orientation of the molecules in the small volume. The degree of alignment of the molecules along the
U-axis is described by the order paramdter ( 1r°, which is conveniently de ned as follows:

- 3
3 1

1
Mgy = (1.4)

( 3

whereh i denotes the local average of molecules 8nd the dimension of the vectasg. If the
molecules are oriented completely randomly, thefi = H02i = = 03i andt0%i , h03i, |
rogi = 1, leading tor03)i = % for arbitrary axis and thué = 0. On the other hand, if the molecules
are perfectly aligned along thé-axis, thenh03ji = 1, resulting in( = 1.

It is possible to handle the degree and the direction of alignment by considering the second-rank
tensorf0Dg0q (8§ 9= 1,2, ,3). The order parameter de ned in Eqg. (1.4) can be generalized to the
second-order tens@gg= &gdr° called the Q-tensor by combining the scalar order paranjeded

the unit vectomn called director as the direction of alignment as:

3 o1
&go= 3 1 M0l 5)%9 ) (1.5)
or equivalently,
O]
W=( n n = (1.6)
— 3
By de nition, V_Vis a symmetric tensol{g 9= & 99 and tracelessT(fV_V: 0).
1.2.2 Phenomenological free energy
A phenomenological free energyis de ned as follows:
1
= 1346'Q%, Rastic'r Q°° 3+, (1.7)

IThere are two important reference densiti&:= 1+! 3, below which the molecules are able to rotate freely without
interference by other ones afigl = 111! 2°, below which the e ect of excluded volume is shown to be in the ordeEof
Here! is the length and is the diameter of a molecule. We consider the situation such that the density of molesateses
E B.E
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with respect toA. The homogeneous pafitys*Q° called the Landau de Gennes free energy is the

power series expansion of free energy [30],

2

W= We W, ZTrtW W W W:w . (1.8)

2— —*3 4
Here, is generally an increasing function of the temperature, approximated=a8t) ) ¢° with

a constand j 0in the vicinity of the transition pointg. The system exhibits a continuous transition
when = 0and a rst-order transition whenY 0. C is always positive to ensure thermodynamic
stability.

The contribution from the spatial disorder of orientation can be written using the director as follows

1
B== 41 n°2,§ »In Ir no%? = gip 1f pnooZ, (1.9)

2

NI =

These terms follow naturally from the symmetry of nematic liquid crystals. Here, the rstterm repre-
sents splay deformation, the second one is twist deformation, and the third one is bend deformation.
This elastic distortion energy is referred to as Frank elastic energy.

On the other hand, for the deformation energy using the Q-tensor, only the following two terms

remain from the symmetry:

1 M&: M&: |, m&: M&g

Eélasticz7 me Mg’ 2 me mG (1.10)
By substituting the de nition of), Eq. (1.6), into this expression, we obtain:
1 1 , 1 5
5=—1 —1 1r (© Z1,1 o
3 'L gle (P glatn
2 1 2 2 1 2
Lt St ot gt 0t 1y Sl tnor (1.11)

2 1
,:—%!z(lr n°in r(°,§!2(1n rn®r(.

Here, assuming that the spatial variation of the scalar order parafristemall, and dropping the term
involving the derivative of it, we obtain the following relationship from the comparison of Eq. (1.9)
and Eq. (1.10)
= 3=2(%2 14, 21y,
1= 3=2(° 1, 5t2 (1.12)
2= 2( 2! 1.
For simplicity, assuming 1 = , = 3 called one-constant approximation, we §et= 0. The

free energy for distortion then becomes:

2

t1Mmé: méy: rw (1.13)

5 = = - = _1
lastic 2 m@ m@ 2
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1.2.3 Time-evolution equations

The evolution of the Q-tensor is given by the following equation:
—= W= w W, - 1.14
—.VIW=_(u,W8 8 W, N, (1.14)

wherev is the uid velocity, share rate = » v, 1r v % and vorticity8 =» v tr
vo) ¥,2 are the symmetric and anti-symmetric parts of the velocity gradient tensor, respestiveliy
is the advection term for the Q-tensaV 8 8 V_Vdescribes rigid-body rotation of the direction
of alignment due to the vorticit® . _(u is a coupling term between the shear deformation gradient
tensoru and the Q-tensor whereis called the ow-alignment parametér. j_j Y 1 corresponds to a
ow-tumbling regime, where the director continuously tumbles under shear ow. Convejsgly,1
corresponds to a ow-aligning regime, where the director remains stationary ata xed angle relative to
the shear ow.N = >>§\_/v is the variation of free energy, driving the Q-tensor toward an energetically
stable state with the cge cientv

The time evolution equation for the ow elds is an extension of the Navier Stokes equation,

adding a stress term due to the Q-tensor:

nv
d — = r? 2, =0, 1.15
rnCvrv r?.r r v ( )

5 =

whered is the density of the uid, and® is the pressure. The stress tenfois separated into two
parts: 2 = 2 jiccosity> Zpassive |NE ViSCOUs stress arises from the velocity gradient and is given by
2 iscous = 2l U where[ is the shear viscosity. The passive stress is related to the alignment tensor
Q and the thermodynamic driving for¢é¢ and given b)Q_passive: (N, WN N W The rst

term of 2

2 passive IS Understood from Onsager’s reciprocal theorem, and the latter terms come from

the coe cients of XW of the variation of the free energy under the law of conservation of angular

momentum.

1.2.4 Topological defects

A topological defect is a singularity of the orientational eld. When the alignment is restricted to the
GHplane, the alignment vector can be expresseda8 = 1cos\, sin\, (° using an anglé 1r°. In
this case, the winding numbBof the alignment is de ned as the line integral of the orientation angle

along a closed loop C around the singularity, as follows:

Ya
dr\ r°=2cB (1.16)

Due to the head-to-tail symmetry af (wheren and n, or\ and\ , c are equivalent)Btakes

half-integer valuesg = 0, 3, 1, 2, ). The winding number is invariant under continuous

deformations of the path that does not cross the singularity and is thus referred to as a topological

2n general, the coupling between the Q-tensor and the shear deformation gradient is written with the rank-four coe cient
g9 like go.:D. . Various research groups have proposed ways to determine this coe cient [34]. We adopted the simplest
model [35] of them all, in which the fourth-order tensor is considergd:; = X g. Xg..
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invariant. The higher the winding number around a singularity is, the greater the energy cost for
creating a defect becomes. In nematic liquid crystals, defectsBwth 12 which have the lowest
elastic energy, are predominant. Thi»2 defect has a comet-like shape while thes2 defect has

a star-like shape with three-fold symmetry (Fig. 1.2). A pair of topological defects with winding

numbers % attract each other to reduce the free energy and annihilate upon collision.

Figure 1.2: Schematic pictures of (=, 1+2 defect and (bB= 12 defect, respectively. Black
lines show the director eld.

1.3 Active nematic liquid crystals

In this section, we brie y go through previous work about active nematic liquid crystals. Hereafter, we
will call the suspension of elongated particles that produce hydrodynamic stress along the molecular

axis due to their internal activity the active nematics.
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1.3.1 Examples of experimental systems

Figure 1.3: Active nematic defects in biological systenasGrowing colony ofE. colibacteria [36].
The motion of, 1+ 2 defects towards the growing interface can lead to shape changes of the ¢olony.
Epithelial tissue of Madine-Darby canine kidney (MDCK) cells. Scale bar isrh@8]. Strong
correlations between the position ofs 2 defects and cell death and extrusion have been reparted.
Monolayer of neural progenitor stem cells [9]. Cells are depleted from -1/2 defects (blue, trefoil
symbols) and accumulate ate2 ones (red, comet-like symbolg).Dense monolayer of mouse
broblast cells [10] showing 1¢2 and, 1+ 2 topological defects marked by blue and orange circles,
respectively.

The gure and caption are reused from [17] (A. Doostmohammetdi)., Active nematics , Nat.
Commun.9, 1 13 (2018)) under Creative Commons CC BY 4.0. Repriraatith permission from
[36] (A. Doostmohammadgt al, Defect-mediated morphologies in growing cell colonies , Phys.
Rev. Lett.117, 048102 (2016)P (2016) by the American Physical Society. Reprintedith
permission from [8] (T. B. Savet al, Topological defects in epithelia govern cell death and
extrusion , Natureb44, 212 216 (2017))© (2017) by Macmillan Publishers Limited, part of
Springer Nature. Reprinteowith permission from [9] (K. Kawaguchgt al,, Topological defects
control collective dynamics in neural progenitor cell cultures , Nat48g 327 331 (2017))©

(2017) by Macmillan Publishers Limited, part of Springer Nature. Repridteith permission from
[10] (G. Duclos,et al, Topological defects in con ned populations of spindle-shaped cells , Nat.
Phys.13, 58 62 (2017))© (2016) by Macmillan Publishers Limited, part of Springer Nature.

Before introducing the model equations, explaining experimental systems would be helpful. Examples
include bacterial colonies [36], assembly of cells [8], and cytoskeletal laments [37] (See also Fig. 1.3).
The population oft. coli that exhibits cell division shows a nematic state, as shown in the area
surrounded by the blue line in Fig. 1.3(a). In addition, topological defects with a charde ®&nd

1.2, as indicated by the red and green dots, appear. In this system, cell division is the source of
active stress. Figure 1.3(b) represents topological defects in MDCK cells which are an example of

extensile active nematic liquid crystals. It is known that the stress aroundl#t?defect enhances
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cell apoptosis and extrusion. In the case of a monolayer of neural progenitor stem cells (Fig. 1.3(c)),
an example of two-dimensional active nematic liquid crystals, cell depletion arolwi defects,
and accumulation aroundLe 2 defects have been reported. Figure 1.3(d) shalw2 defects (orange

circles) and a 1+2 defect (blue circle) in a dense monolayer of mouse broblast cells.

Figure 1.4: An experimental system that has been very important for developing the understanding
of active nematics is a mixture of microtubules and two-headed molecular matehsorescently
tagged microtubules from polymerised tubulin are brought together by the depleting action of
Polyethylene Glycol(PEG), and are cross-linked by clusters of biotinylated kinesin and Streptavidin,
resulting in active extensile microtubules bundles in an aqueous suspensids the motors walk
along the microtubules the bundles extend, are pushed apart, and rezfdohm.active nematic
self-assembles at the water/oil interface and gives rise to active turbulence for as long as there is
su cient ATP to fuel the motors.

The gure is reused, and the caption is adapted from [17] (A. Doostmohametaali, Active

nematics , Nat. Commun9, 1 13 (2018)) under Creative Commons CC BY 4.0.

Next, | will explain the properties of the microtubule-kinesin suspension. It was reported by
Sanchezet al. that spontaneous ow occurs in microtubule-kinesin suspension [38], and it has
attracted much attention in terms of an example of active nematics. Microtubules are cylindrical
macromolecules with a diameter of approximately 25 nm and a length of several micrometers. They
have a structure in which proto laments, which are linear chains of dimers of proteins chtiigxulin
andV-tubulin, are arranged in a cylindrical shape. The exposed end &fthkulin is called the plus
end, and the one of tHg-tubulin is called the minus end. Kinesin is one of the motor proteins that can
stick to a microtubule and move unidirectionally, mostly from minus to plus ends, on a proto lament
by consuming the energy obtained from adenosine triphosphate (ATP) hydrolysis. By tying multiple
kinesins with Streptavidin, it is possible to create a cluster that has two docking points. The bundle
of microtubules is formed through cross-linking mediated by kinesin motor clusters (Fig. 1.4(a)(b)).
If the microtubules are arranged antiparallelly, sliding between the microtubules occurs because the
cluster walks on each microtubule, while a pair of parallel microtubules does not show relative motion.
The sliding results in the net extension of bundles.

By adding polyethylene glycol (PEG) to the suspension, microtubules are brought closer together
due to the depletion force driven by the entropy of conformations of PEGs (Fig. 1.4(b)). The two-
dimensional system is realized at the oil-water interface stabilized by surfactants (Fig. 1.4(c)). When
a dense suspension is formed, a nematic state appears. The ow pattern is regulated in various ways

such as changing the density of each component of suspension.
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The emerging pattern is shown in Fig. 1.5(a) and the corresponding simulation result in Fig. 1.5(b).
This pattern is called active turbulence or active nematic turbulence and will be explained in Sub-
sec. 1.3.4. The highly curved regions highlighted with yellow lines in Fig. 1.5 are recognized as

topological defects. Typically, 12 defects appear in nematics.

Figure 1.5: Active nematic turbulencea Fluorescence confocal microscopy micrograph of the
active nematic in contact with an oil of 0.05 PaxsSnapshot of the time evolution from solving the
continuum equations of motion, showing active turbulence. A comet-like, +1/2, and a trefoil-like,
-1/2 defect are highlighted in each case.

The gure and caption are reused from [17] (A. Doostmohammetdd)., Active nematics , Nat.
Commun.9, 1 13 (2018)) under Creative Commons CC BY 4.0.

1.3.2 Theoretical description

The time evolution equations for active nematic liquid crystals are a form that adds active stress to the
equation for passive liquid crystals [17, 39]. There are various types of equations for passive liquid
crystals, but in this thesis, we will formulate them using a tensor-type alignment eld as introduced in

Sec. 1.2. The equations are written as follows:

myv 1
L VIW=_(u,W8 8 W, &N (1.17)
nv
- = ?
d mCvrv r?,r 2. (1.18)

Here, a new term derived from the activiy, . is added to the stress tensd®: = 2 ;. i, »

2 passive Zactive Active stress is given by the lowest-order term of the Q-tensor that can be considered
from symmetry,

2

Z active

UW. (1.19)

Here the sign of coe cientU determines the type of active stress. In the caselhatO, referred to

as extensile systems, particles generate forces that push the solvent outward along their axis, resulting
in the stretching or elongation of the material (Fig. 1.6(a)). This behavior is commonly observed in
systems such as microtubule-kinesin networks or human bronchial epithelial cells [40]. Conversely,

in the case that) Y O, referred to as contractile systems, particles generate forces that pull inward



Chapter 1. Introduction 12

along their axis, causing contraction of the material (Fig. 1.6(b)). This is characteristic of actomyosin

networks or broblast cells [11].

Figure 1.6: Schematic pictures of (a) extensible stress and (b) contractile stress. The black line
shows the director eld, and the arrows are the directions of the ow eld.

1.3.3 Hydrodynamic instabilities and topological defects

While the equilibrium state in the bulk system of passive nematic liquid crystals is a uniformly aligned
con guration, the alignment of active nematic liquid crystals is destabilized by active stress. It has
been reported that active stress contributes to the destabilization of modes [39, 41]. €halnfipR]
investigated the destabilization dynamics from the uniformly aligned state. Since this destabilization
di ers between the extensile and contractile cases, we will rst discuss the extensile case. Firstly, the
most unstable mode, which is parallel to the director eld, grows, and bend deformation arises. The
director deformation creates a ow eld as can be seen from Eq. (1.19), which in turn sharpens the bend
deformation. This banded region of bend deformation is called the wall region. Wall generation is
intuitively understood as the competition between two e ects: destabilization by active Steass
stabilization by Frank elasticity . In fact, the width of the wall region is scaled by the characteristic
IengthpTJ. When the director tilts signi cantly, at some point the wall region splits into a pair of
topological defects. The creation of defects is explained by the destabilization of the bend deformation
region with respect to the splay deformation. It should be noted that active stress plays an important
role in this destabilization, unlike passive nematic liquid crystals. The generated topological defects
are transported by elastic forces and ow elds. In particulaty 2 defects self-propels due to their
asymmetric nature [43, 44]. When two topological defects with the same magnitude of topological
charge and opposite signs approach each other, they disappear by collision. As a result, a uniform
region appears again.

In the case of contractile systems, on the other hand, the destabilizing pattern is the opposite of
the extensile case. That is, in contrast to the appearance of many bend regions in the extensile case,
splay deformation regions appear. There is bend deformation between the di erent splay deformation
regions. As time goes on, the bend deformation becomes more pronounced, and a pair of topological

defects is generated at a certain point.
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1.3.4 Active turbulence

In the steady state of the bulk system, the process of (i) destabilization of the aligned region, (ii)
generation of topological defects, and (iii) the re-alignment of the orientation eld, which is explained
in the previous section, occurs repeatedly. Consequently, both the orientation eld and ow eld
become chaotic in space and time. This state is called the active turbulen8¢istat&Ve will now
look at the characteristics of this state. Here, there is a point to note: the properties of active turbulence
di er depending on the system being considered (polar or nematic), and the following explains the
properties of wet active nematic liquid crystals in particular.

The characteristics of the ow eld are qualitatively di erent from the properties of turbulent states
in inertial uids. For example, the energy spectrum of the o2 is di erent from the Kolmogorov
law ( : %) for inertial uids. In a microtubule-kinesin suspension, it has been reported that the
spectrumis :1, 1 and : “inthe order of wavenumber from low to high [46]. The scaling
of : land : 4 can be derived using the mean eld theory [47]. This suggests that, unlike
inertial turbulence, there are characteristic length scales in the system. They change depending on the
magnitude of the active stress.

Active turbulence is not limited to active nematics; for example, it also appears in polar systems.

However, its ow characteristics di er. This is summarized in the review paper Ref. [48].

1.3.5 E ect of boundary walls

It is known that the dynamics of active nematic liquid crystals can be controlled by applying external
constraints, such as introducing friction or con ning them to a geometric shape. In this section, we

will look at systems with con nement in a channel region and with friction.

Con nement in channel geometry

First, in active nematic liquid crystals con ned within a two-dimensional channel, several patterns
are observed. Here, | speci cally focus on extensile system with strong homeotropic anchoring and
no-slip boundary. There are two factors that need to be considered for describing the state diagram:(i)
competition between the channel width and the characteristic length scale created by the active stress
and (ii) the self-motility speed of thele2 defect®[50]. The model length scale created by active
stress can be determined from the balance between the magnitude of activéJstredshe Frank

elasticity , as

0= —. (1.20)

It is important to note that the emergent characteristic lengths in active turbulence states are scaled

using;o [51]. In a channel geometry, four states are roughly observed:(1) uniformly aligned without

3n three dimensional system, the line-type topological singularities appear instead of point defects, and the system also
exhibits chaotic patterns [45].

4The patterns are a ected by boundary conditions. For example, in Ref. [49], results are shown for the case where one side
is homeotropic and the other is planar.

5This is a value scaled from the parameters of the model equations, not the actual speed of the defects.
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ow (2) unidirectional ow, (3) vortex lattice, and (4) active turbulence, in order from systems with
relatively weak active stress [50].

If the activity is weak enough and the speed of the +1/2 defect is slow enough, a uniformly aligned
state appears where there is no ow. As the two parameter values become larger, unidirectional ow
occurs. With further activity and an increase in self-propulsion speed, the unidirectional ow state
transits to a vortex lattice state where vortices can exist at equal intervals within the channel. When the
activity further increases, in other words, the length scale decreases, part of the vortex lattice breaks
down and the ow becomes turbulent locally. By further increasing the activity, the turbulent-state
region becomes dominant, and nally, a uniform active turbulent state is formed. It has been found
that the critical exponent for the transition from the vortex lattice to active turbulence belongs to the

same universality class as the directed percolation phenomenon.

Friction with substrate

Friction with the substrate causes momentum damping. Theoretically, the e ect of momentum
damping is represented by adding a drag term proportional to velocity on the left-hand side of the
equation of motion of the uid Eqg. (1.18) [52 58]. Here the coe cient is a second-rank tensor and
determines the symmetry of the friction. In active nematic liquid crystals with density changes of
active particles, the introduction of friction has been reported to cause the appearance of alternating
laminar ow called laning ow and vortex lattice states [52, 56, 59].

On the other hand, in active nematic liquid crystals with anisotropic friction, the appearance of a
laning state without density change has also been con rmed experimentally [60] and theoretically [53],
respectively. Experimentally, two-dimensional active nematic liquid crystals are realized at the in-
terface between solution and oil, stabilized by a surfactant. In this experiment, octyl-cyanobiphenyl
(8CB), which exhibits a smectic liquid crystal phase when a magnetic eld is applied, is used as the
oil. In the absence of a magnetic eld, i.e., when 8CB exhibits a random phase, the friction with the
oil at the interface is isotropic. However, when a magnetic eld is applied, 8CB exhibits a smectic
liquid crystal phase, a layered state of two-dimensional nematic order. In this case, the friction with
the oil di ers in magnitude in the direction perpendicular to the layer and in the direction parallel to

the layer. This anisotropic friction causes laning ow.

1.4 Active Solids featuring alignment interaction

In this section, we brie y review previous studies on active solids. Hereafter, | term active solids as

elastically deformable states composed of active matter.

1.4.1 An example of experimental system

In this subsection, | introduce the experimental system as an example of active solids featuring
alignment interaction.
An example of self-propelled particles with alignment interactions is HexBug Namnereafter

simply referred to as HexBfg HexBud is a small robot that resembles an insect and is sold by
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Spin Master Ltd. The mass of a single unit is abdgtand the size is abodt4 1.3 1.9cn?. It
has a vibration motor in its body, and when the power is turned on, it generates minute vibrations. It
also has six pairs of bent legs on each side of its body, and the vibrations of its body generate forward
propulsion. From this, we can see that the HexBisjan active matter with polar self-propulsion, as
introduced in the previous section.

It is also known that the HexB(fghas a self-aligning interaction that aligns its self-propulsion in
the direction of its own speed [61, 62]. This is presumably because the frictional force between the

oor and the HexBu@'s head is non-uniform in the direction from the HexBlghead to its taib.

Figure 1.7: a Active solids have positional degrees of freedom with a reference state and a
free-to-rotate polarity vector in the direction of the active forlaeActive unit: a HexBu§ is trapped
in a three-dimensionally printed cylindes, The active component, con ned here in a linear track
and attached to a spring of sti ness produces an active force of amplitudgin the direction of
polarity A and elongates the spring by lengih= ¢ : . d, Mechanical design of the HexBfignass
distribution and shape of the legs is responsible for its alignment towards its displacement, here
imposed manually, of the cylinder.

The gure is reproduced, and the caption is adapted from [61] (P. Bacomniagl, Selective and
collective actuation in active solids , Nat. Phys8, 1234 1239 (2022)) with permission from
Springer Nature.

Baconnieret al. trapped each HexBgin a cylinder and connected them with springs to create

a solid state [61, 63 65], as shown in Fig. 1.7. The cylinders move when pushed by the H&Bugs

6Let me consider a rod of uniform densityand length . It is moving in the direction of the H-axis with velocityE. Let
the coe cient of friction at each position b&*A°. Suppose the coordinate of the buttock id *2, 0°, and the one of the head
is 11 «2,0°. At this time, the center of gravity is at the origin. The frictional torque acting on the entire bar is given by

1 1 1
1e2 0 1e2

# = 3GAdEWG= 3GAEWR G 3GAEWRG (1.21)
12 12 0
If the friction is uniform, the torque is zero. However, if the friction on th@side is stronger than the other side, the torque is
positive and the bar rotates counterclockwise.
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inside them. In this case, the cylinder containing the HeBisgegarded as an active particle, not
the HexBu@ itself. Di erent particles interact through the springs.
It has been reported that solids made up of HexBugan be in a migrating state, moving in
one direction [65]. It has also been studied that spontaneous deformation can occur within solids by

pinning the solid and restricting the movement of the center of gravity [61, 63, 64].

1.4.2 Order-disorder transition

The research by Ferrant¢al. focuses on the systems where self-propelled particles are connected by
linear springs [20, 21]. Here are the equations they introduced for the positior orientation g of
the8th particle,

Fs=Byng, U»lLLg, A/ A% ng/ng, (1.22)

W=V Ly, A ° NG by, (1.23)

B

where theBth particle self-propels in the direction af vector with the spee#, and ng is the unit

vector perpendicular to the direction of self-propulsion. The paramé&tarsd V are the inverse of
translational and rotational damping coe cients, respectively. The elastic force exerted @&rthe
particle is given byl g = ! 2" %8889 ;88rsg;soWith rgo=rg rg a sum of spring forces

with natural lengthsggand spring constants ;gg Each se{ g contains all particles interacting with
the8th particle and is xed throughout the simulation. In these systems, collective motion emerges
spontaneously through elastic interactions between particles, without the need for explicit alignment
rules. For example, if the particles are initially con gurated in a hexagonal lattice with random
orientation (Fig. 1.8(A1)), coherent regions gradually develop (Fig. 1.8(A2)), and nally, the globally
rotating and translating state appears (Fig. 1.8(A3)). The elastic rod with randomly oriented particles
(Fig. 1.8(B1)) also undergoes coherent deformation (Fig. 1.8(B2)), and collectively moving state
emerges (Fig. 1.8(B3)). In column C in Fig. 1.8(C1), the particles are initially distributed randomly
around two holes. Particles within a radidis 1 are permanently connected by the springs. Over

time, coherent regions expand (Fig. 1.8(C2)), leading to the globally collective motion (Fig. 1.8(C3)).



Chapter 1. Introduction 17

Figure 1.8: Active elastic sheet simulations of Egs.(1.22) and (1.23). (A) Hexagonal active crystal at
C=0(Al1), 240(A2), and1700(A3). (B) Rodlike active crystal aE= 0 (B1), 400(B2), and1700

(B3). (C) Active solid at same times as column B; darker agents symbolize higher local alignment.
The gure and caption are reprinted with permission from [21] (E. Ferrasitel,, Elasticity-based
mechanism for the collective motion of self-propelled particles with springlike interactions: a model
system for natural and arti cial swarms , Phys. Rev. Letil 268302 (2013)P (2013) by the
American Physical Society.

Particularly, system Fig. 1.8(A) exhibits discontinuous transition with respect to the polar order

I . , o
parametek = 1, ng as translations or rotational noise is increased.

1.4.3 Long-range order in active solids

Long-range order in active solids has been investigated by Hataf [66]. They calculated the
correlation function of active particle systems where particles are eternally connected with springs in
a triangular lattice and investigated the presence or absence of long-range order. They have analyzed
the system in general dimensions, but here we focus on two-dimensional crystals. They also compare
two cases, i.e. Vicsek-like interactions and self-alignment interactions, but in this thesis, only the

self-alignment case is discussed.
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We note here that ordinary passive crystals do not have true long-range order in two dimensions.
This is a consequence of the Mermin Wagner theorem. Speci cally, correlations of particle positions
have quasi-long-range order, while bond orders have long-range order.

The equations they used are as follows,

WRC =101\ | LgiC, vv_sp gt C, (1.24)
S . . rg ro

L8: A Jlr'g Ig 0 - T (1.25)
9n.n.8 q ITg Tg

\g@=2,1n0\@ L& 2, 2 Y[gC, (1.26)

whereW is the friction coe cient, and1,n\ & is the active force with identical magnitude for
all 8and directom®\ . In the second equation,is the elastic constant, arfig is the natural length
of the springs. In the third equatio®, is the alignment strength, and} is the rotational di usion
constant. Additionally, a unit vectd;, which is perpendicular to the plane, is temporally introduced
for the calculation of the cross produdfg is the angle of the vectar*\ ¢ measured from th&axis,
and thusn®\ ¢® = 1cos\ g sin\g®. The summatior|1 onn.g IS taken over six nearest neighbors of the
8th particle. The system undergoes a transition between ordered, in other words, migrating, and
disordered states with respect to the polar order parameter, similar to the model described in the
previous chapter. Although further analysis needs to be conducted, their analysis suggests that this
transition is a second-order transition. The important point is that the presence or absence of long-
range order changes between these two states. First, in the disordered state, the order of crystalline is
found to be similar to that of the passive system. This is con rmed by the fact that the displacement
correlations as functions of wavenumbedecay with: 2. It should be noted, however, that, unlike
normal passive solids, there is a characteristic uctuation proportionalta the intermediate range.
This is also con rmed for active solids without alignment interaction [67].

On the other hand, in the migrating state, the order becomes short-range in the direction perpen-
dicular to the migrating. This is due to the e ect of activity and alignment interactions, which results

in a lower critical dimension, under which long-range order cannot emerge, of 4.

1.5 Scope of this work

The basic properties of active nematic liquid crystals are well understood. There are also many papers
on the control of pattern formations using boundary conditions such as geometric con nement and
friction with the substrate. On the other hand, there is still room for development in the direct control

of the alignment of liquid crystals by external elds. This is in contrast to the active research that has
been carried out on the application of external elds to passive liquid crystals. Also, active nematics in
heterogeneous environments have not attracted much attention yet, despite their potential importance
in cellular and subcellular systems. In this study, we will clarify the e ects of external elds and

the in uence of the surrounding heterogeneous obstacles that directly a ect the orientation eld. In

addition, since the history of research on active solids is relatively short compared to that of active uid
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systems, there is still space for investigating the basic properties of bulk systems. Therefore, we will

focus on active solids that move in one direction and discuss the structure of the internal uctuations.

1.5.1 E ectof auniform eld on active nematics (Chap. 2)

The content of this subsection is adapted from Ref. [68] (Y. Kinoshita and N. Uchida, Flow patterns
and defect dynamics of active nematic liquid crystals under an electric eld, Phys. Rel08E
014605 (2023)P (2023) American Physical Society.

The e ects of an electric eld on active nematics are relatively unexplored. An individual mi-
crotubule is reoriented parallel to a DC [69 72] and an AC [73] electric eld, which is explained
by the negative net charge and dielectric polarizability of microtubules, respectively. However, an
experimental study on collective motion of microtubule-kinesin suspensions under an electric eld is
lacking. Theoretically, a model of an active pump using a Fredericks twisted cell is proposed [74]. A
three-dimensional simulation of active nematics under an electric eld nds a smooth decrease of the
defect density with increased eld strength and a transition to a uniformly aligned state [45].

In the present thesis, we numerically study the e ects of an electric eld on two-dimensional
active nematics, focusing on the ow pattern and defect dynamics. We assume alignment of the
nematic director along the electric eld due to dielectric anisotropy, neglecting electrophoretic or
electroosmotic e ects. We nd thatthe ow is enhanced in the directions perpendicular to the electric
eld. The average ow speed and its anisotropy change non-monotonically with the eld strength.
We obtained a laning state at a larger eld strength near the transition to a uniformly aligned state,
and periodic oscillations between the laning state and anisotropic turbulence. Topological defects are
localized in a single vortex region and show simultaneous creation and recombination of two pairs of

defects.

1.5.2 Eectofarandom eld on active nematics (Chap. 3)

The content of this subsection is adapted from Ref. [75] (Y. Kinoshita and N. Uchida, Active nematic

liquid crystals under a quenched random eld , arXiv:2404.08524.).

Recently, attention has extended to couplings of active nematics with non-uniform elds, such
as friction by micropatterned surfaces [58], curvature of epithelial tissues [76], spatially varying
activity [77, 78] and composition [79]. However, the behavior of active nematics in a randomly
heterogeneous environment is an open issue. Cells in tissues are in contact with extracellular matrix
that contains brous material such as cellulose of collagen. Collagen bers form anisotropic networks
that guide migration of cells [80]. Plant cellulose is also used as a sca old for in vitro culture of neural
stem cells [81]. Microtubules in cells are entangled with other components of cytoskeletal networks
such as actins and intermediate laments, which hinder alignment. The cytoplasm also contains a
number of proteins that cyclically change their shapes and generate random hydrodynamic forces.

They not only enhance di usion in the cell [82] but also may contribute to disorientation of active
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cytoskeletal laments. To elucidate the e ects of heterogeneous anisotropic environments on active
nematic ows, we address the e ects of quenched random elds in this paper. The e ect of a quenched
random eld on nematic liquid crystals has been studied in a model of nematic elastomers [83].
The numerical study showed that the orientational correlation function decays exponentially as a
function of the distance and that the correlation length also decays exponentially with the disorder
strength. Recently, the e ects of a random eld on dry and wet active nematics have been addressed
in Refs. [84, 85]. In both cases, the quenched disorder slows the dynamics of topological defects.
The orientational correlation follows a crossover from algebraic to exponential decay for dry active
nematics, while a slow coarsening behavior is observed for wet active nematics. However, ow property
in active nematics with quenched randomness remains unexplored, despite its potential importance
in cytoskeletal dynamics and collective migration of cell colonies. In the present thesis, we focus on
the ow property and show that its response to the quenched randomness is in marked contrast with
that of the orientational order. We also vary the strength of randomness over a wide range and nd a

transition from the weak to strong disorder regimes for wet active nematics.

1.5.3 Fluctuation in active solid featuring alignment interaction (Chap. 4)

The content of this subsection is adapted from [86] (Y. Kinoshita, N. Uchida, and A. M. Menzel,
Collective excitations in active solids featuring alignment interactions, The Journal of Chemical
Physics 162, 054906 (2025)), with the permission of AIP Publish@é¢2025) AIP Publishing.

Here, we focus on active solids that introduce aligning torques. They reorient the directions of
self-propulsion of each elastically coupled object towards the current direction of the elastic force
acting on this object. There are two obvious states in a bulk system that should be considered:
orientationally disordered states concerning the directions of self-propulsion of each object and states
of a certain degree of global alignment of these directions [20, 21, 66]. Depending on the strengths of
the alignment interactions, globally aligned states are conceivable, atleastin nite-sized systems. Such
global alignment is also observed for uid systems featuring elastic collisions [87]. Conversely, strong
rotational di usion may still destabilize the orientational order and lead to a disordered state [21].
Con nements can favor additional modes of collective motions such as chiral oscillations [61, 63].
They result from restrictions that the con nement imposes on collective motion.

While the static properties of active solids with alignment interaction have been studied [66], the
dynamical ones are still under development. Previous works focused on nite-sized systems [61, 63,
64]. In addition, it is reported that oscillations accompanied by entropy production arise when a solid
state is formed by the accumulation of active Brownian particles [67, 88, 89]. Since solid states are
formed by a variety of active particles [90, 91], a general analysis is desirable.

In our work, we analytically evaluate the dynamical properties of bulk systems in an orientationally
ordered, collectively migrating state. To this end, the spectra of uctuations are calculated analytically.
In addition, we analytically evaluate an expression for the rate of entropy production that follows from

the conventional path-integral theory [92]. In this context, continuous energy dissipation is one of the
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prominent characteristics of active matter, accompanied by a positive rate of entropy production [16,
93]. The rate of entropy production is useful for quantifying how far away from the equilibrium the
states are. It appears that the coupling between self-propulsion and self-alignment of the migrating,
elastically coupled objects introduces additional excitations that are absent in a corresponding passive
system and accompanied by additional entropy production. Numerical simulations are performed for

veri cation.

1.6 Structure of the thesis

In this study, we investigate active nematic liquid crystals and active solids.

For active nematic liquid crystals, we examine the e ects of a uniform electric eld (Chap. 2) and
a quenched random eld (Chap. 3) through numerical simulations.

For active solids, we focus on a dynamically steady state where the directions of self-propulsion of
all constitutive particles are aligned in one direction, causing the solid to undergo translational motion
(Chap. 4). The properties of this state are characterized by uctuation spectra and the rate of entropy
production.

Finally, in Chap. 5, we provide a summary of the study.
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Chapter 2

Active nematics under an electric eld

The content of this chapter is adapted from Ref. [68] (Y. Kinoshita and N. Uchida, Flow patterns and
defect dynamics of active nematic liquid crystals under an electric eld , Phys. R&¥08-014605
(2023))© (2023) American Physical Society.

The e ects of an electric eld on the ow patterns and defect dynamics of two-dimensional
active nematic liquid crystals are numerically investigated. We found that eld-induced director
reorientation causes anisotropic active turbulence characterized by enhanced ow perpendicular to the
electric eld. The average ow speed and its anisotropy are maximized at an intermediate eld strength.
Topological defects in the anisotropic active turbulence are localized and show characteristic dynamics
with simultaneous creation of two pairs of defects. A laning state characterized by stripe domains
with alternating ow directions is found at a larger eld strength near the transition to the uniformly
aligned state. We obtained periodic oscillations between the laning state and active turbulence, which
resembles an experimental observation of active nematics subject to anisotropic friction.

The rest of this chapter is structured as follows. In Sec. 2.1, we present the theoretical models and
conduct the linear stability analysis of a uniformly aligned state. In Sec. 2.2, numerical results are
presented, and emergent patterns are distinguished with several aspects. In Sec. 2.3, we discuss the

remarks and compare the parameters with the experiment of a microtubule-kinesin suspension.

2.1 Model
2.1.1 Equations

We consider a uniaxial active nematic liquid crystal in two dimensions. The orientational order
is described by the symmetric and traceless teBsy= ( =g=9¢ %)%9, where( is the scalar
order parameter and = cos\, sin\° is the director. The dynamical equations are written in the

dimensionless form [17]

1
1 oy=_—"r2 ? 2 2.1
n, v rov Rer v r?,r 2, (2.1)
r v=0, (2.2)
ng, v rew=_(u, W8 8 W, W'N. (2.3)

Here,v is the normalized ow velocity,? is the pressure and is the stress tensor. The ow

properties are characterized by the Reynolds nurieethe ow alignment parameter, and the
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rotational viscosityWy andDsg= maEg, mEL*2 and! gg= mEg myEL+2 are the symmetric and
antisymmetric parts of velocity gradient tensor, respectively. Hereafter we call gthe vorticity.

We assum@ Y _ Y 1; a positive value of corresponds to rod-like or lamentous material gnpY 1
means that there is no stable director orientation in a uniform shear ow ( ow-tumbling regime) [30,
41]. The molecular eld ggis de ned as the symmetric and traceless part &f *X&sg and is

obtained from the Landau-de Gennes free energy [30]
1

- 5PA (2.4)

2 2
L5 W Yo W K. (2.5)

Tr We W
rew 2

=-Tr WW , —
2 — =7

The rst two terms of the free energy density control the magnitude of the scalar order parémeter

the third term is the Frank elastic energy under the one-constant approximation, and the fourth term
describes the coupling to the electric eld. Here, we dropped the term proportioﬁa\v_\t%contained

in the standard expression of the Landau de Gennes free energy, because it identically vanishes for
the two-dimensional nematic order parameter. We assume positive dielectric anisdtygp@) so

that the director tends to align parallel to the electric eld, mimicking the response of an individual

microtubule [71, 73]. The molecular eld is obtained as

Y
ce= 2, (% &cq 2 r%&ge, 70 5 A (2.6)
o= 2 , (% &ch 2 r%&cH Yo 6 (2.7)
The stress tensor is the sum of the passive stress
2°= (N,WN N W (2.8)
and the active stress
2%= ww (2.9

We assume that the activity parametbs positive, which corresponds to an extensile system.

2.1.2 Linear stability analysis

In the absence of an electric eld, the model exhibits macroscopically isotropic active turbulence.
Because we assumed positive dielectric anisotropy, the electric eld is expected to align the director
and stabilize a uniform ordered state if the eld is su ciently strong. We conducted a linear stability
analysis of the uniformly aligned state to nd the threshold electric eld and analyzed the onset of
instability. We assume a uniform electric eld along tBexis E = eg). We also assume that the
system is far from the nematic-isotropic transition point and that the scalar order parameter is given

by the equilibrium valu€ o, which satis es

Y,
2 Yo 2_
b .35G.5 0. (2.10)
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In the unperturbed quiescent state, the director is aligned alor@akis so that
_ _ (o _
V=0, &c@=%, &cew=0, (2.11)

where the subscript 0 means the unperturbed state. We consider perturbations to the ow ¥glocity

and the director angl¥\, which gives the variations of the order parameter

X&s = %O>x:0512X\° 1%'0, (2.12)
X&GH= %Osin12X\° ' (oX\. (2.13)

Assuming the time dependence proportionaktd©, wherel is the complex frequency, we

expand the director angle and ow velocity in the Fourier modes as
1

\1r,@ = d?: X\kgqitkr 1c® (2.14)

12002
2c°° |

vir,@= d2: xvkqkr 1ee (2.15)

12C02

wherek = 1: g, : 1° = 1: cosq,: sing®is the wavevector. Because= 0 andv = 0in the unperturbed
state, we consider only the modes with nonzero wavevectors. Similarly, we efgandsg f ggand

? in the Fourier space and then to the rst order)of and Xv. From Egs.(2.12,2.13), we have
X&s' 0andX&' (oX\K. The molecular eld vanishes in the unperturbed statgy = 0. Its
variations are read from Eqs.(2.6,2.7as s/ X&' Oand

X Ky 2, (2 Zxe&y X\ (2.16)

where we introduced the abbreviation
= 10 Yy 2 2( g2 (2.17)
and used Eq.(2.10). Forthe stress tensor, we readily ofain= Xfun' _(oX g UX&c' 0O,

XFER' 11 _°(oX &n UX&SH

10 U oX\K, (2.18)
and

Xfe' * 1, (X &n UX&p

sl 10 U oX\K. (2.19)
The equation of motion (2.1) is linearized as

.2
iIXEK = l'?—exg i gX i X &g (2.20)
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Summation over repeated indic&9= G B is assumed here and hereafter. The pressure in (2.20) is

determined by the incompressibility condition (2.2), or equivalektly&/* = 0, as
X ¥ =g Xffy (2.21)

where we introduceét = kejkj = 16T = 1cosq, sing®. The incompressibility condition allows

us to express the velocity by the perpendicular component
XB = ThXE, ToXE, (2.22)

as
XK = IXES, XBe = XES L Ty, T . (2.23)

Rewriting (2.20) in terms oKE and substituting (2.18,2.19), we get

iIXEX

.2
ﬁ_exg"( ir D2XFEL TEXfRG

.2 i
= é—exé i g gt w (oX\K, (2.24)

On the other hand, the dynamical equation (2.3) for the order parameter is linearized as

1 1 1
; k — —s T — -~ - k
il oX\ = (0 =5+ i oXE,, = i XES R
. 1- 1- 1
=i:(0 =5 2 —7:2H XE WX K (2.25)

with the aid of Eqs.(2.13,2.16,2.17,2.23). Egs.(2.24,2.25) are written in the matrix form

LOXB . XE
il x\k = M Y\k (2.26)
with R
© e i:(o»Lcosyy, 1° Ucos %
M =- ®. (2.27)
. _cosy, 1
T2 Wo -

A straightforward calculation gives the eigenvalués® of M , and the stability condition is obtained
asiml K 0for anyk; see Appendix A for details. We identi ed the most unstable mode that
maximizes the linear growth raten| X% (9= 1,2) for givenU and . For a given angley of

the wavevector, the mode in the long-wavelength limit!( 0) is most unstable, which is trivial

since Frank elasticity suppresses deformation. For a given wavenumther mode with they = 0

is most unstable in the range Y _ Y 1 assumed in this paper. This is in accordance with the
general observation on extensile (or "pusher'-type) active matter that the active stress induces bend
deformation of the axis of alignment [39, 94], which is interpreted as a buckling instability of the
laments [95]. The stability condition is given by

2

Yo 4 = :
° WERe

SR AV

5 (2.28)

—_
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