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Abstract

The collective motion of active matter, in which individual constituent elements continuously inject

energy into the system, has garnered significant attention over the past few decades. Active matter
constitutes a class of nonequilibrium systems exhibiting unique dynamical behaviors that are absent in
equilibrium systems. A unified understanding of the mechanisms governing these dynamics is critical
for unraveling pattern formations and fluctuation properties in active matter. This thesis focuses on
active matter systems where constituents align their directions of motion via mutual interactions,
analyzing two representative cases: the pattern formation in active nematic liquid crystals under
external fields and the fluctuation properties of active solids featuring alignment interactions. The key
studies are summarized as follows:
Active nematics: Active nematics are nematic liquid crystals where each molecule creates hydrody-
namic stress along its alignment axis. We begin with an overview of active nematic liquid crystals,
including experimental systems such as microtubule-kinesin suspensions, bacterial colonies, and cel-
lular tissues. We introduce the theoretical framework based on extensions of equations for passive
nematic liquid crystals, incorporating an activity term. We review key phenomena such as chaotic
active turbulence, the characteristic dynamics of topological defects, and the influence of external
controls on these behaviors. We numerically investigate the influence of an electric field on the flow
patterns and defect dynamics of two-dimensional active nematic liquid crystals (Chap. 2). Our find-
ings show that field-induced reorientation of the director leads to three distinct regimes: (1) active
turbulence with chaotic defect motion, (2) a laning state, stripe-like alternating laminar flows, and (3)
a uniformly aligned state without flow. The boundary between (2) and (3) is estimated with linear
stability analysis of the uniform state. The average flow speed and anisotropy reach their peaks at the
laning state that appears in intermediate field strength. Localized vortices are created and disappear
leading to periodic oscillation of the states between the active turbulence and laning state in the inter-
mediate regime. In this regime, an undulation instability of the lanes forms localized vortices inside
them. They collapse to create two pairs of topological defects, which recombine and annihilate to
restore the laning state. Next, we explore the influence of random fields on two-dimensional active
nematic liquid crystals (Chap. 3). In biological systems, internal or external cellular environments
often contain structural heterogeneities that disrupt the alignment of liquid crystals. We model these
effects by a quenched random field imposed on the nematic liquid crystals. Our simulations show that
the system undergoes a transition from the active turbulence to a frozen state in which the alignment
pattern is arrested with a strong random field. In this frozen state, the nematic director locally aligns
with the random field. We found short-range orientational correlations similar to random passive
nematics, while the flow velocity retains long-range correlations that decay logarithmically reflecting
the form of the Green function of the Stokes equation. This phenomenon is independent of the type of
active stress (extensile or contractile). The coexistence of local order and global flow is a novel feature
that characterizes active nematics with quenched randomness.

Active solids: Active matter at high density often exhibits solid states that have attracted attention in
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recent years. We focus on active solids, elastically deformable materials composed of self-propelled
particles. The self-driving of each component causes non-equilibrium fluctuations. A coupling
between the orientation of each component and its velocity induces drastic changes in the nature of
collective motion. An experimental realization of such systems is a network of HexBug® robots
connected by springs. In this system, the alignment of the robots causes the migration of the solid.
On the other hand, simulations show that the direction of self-propulsion becomes random when the
rotational noise is large. The static properties of this system have been investigated in both the random
and migrating states, and it is shown that the direction of self-propulsion exhibits a quasi-long-range
order in the migrating state. However, the dynamic properties of this state have not been investigated.
We then examine fluctuation spectra in active solids featuring polar alignment interactions (Chap. 4).
The study reveals unique excitation modes arising from the coupling between activity and alignment
interactions. They can be obtained by solving the linearized equations for fluctuations from a noise-free
state. The fluctuations reflect the anisotropy of the elastic interaction and the direction of migration.
The peaks shift to higher wavenumber and frequency as the coupling or the self-propulsion speed
increases. The results of the numerical simulation and the analytical solution are in good agreement.
These nonequilibrium fluctuations differ fundamentally from equilibrium fluctuations, as evidenced by
the rate of entropy production that quantifies the rate of energy dissipation or irreversibility associated
with the system’s deviation from equilibrium, based on the probabilities of forward and reverse
transitions. It is known that the rate of entropy production in a steady state is proportional to the off-
diagonal components of the fluctuation spectrum matrix. In this system, only the coupling between
fluctuations perpendicular to the migration direction and the self-propelling angle contributes to it.
By investigating systems where activity and alignment interactions coexist, this work uncovers qual-
itatively distinct dynamics, including novel pattern formations and characteristics of non-equilibrium
fluctuations. These findings lay the groundwork for future studies on active matter systems with align-
ment interactions, offering potential applications in understanding biological collectives and designing

advanced biomaterials.
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List of Conventions

A vector or rank-1 tensor (i th component is A; )

A rank-2 tensor (i and j th component is A;;)
A-B=A;B; inner product

A: B =A;jBj; tensor contraction

Tr(A) = Ay trace



Chapter 1

Introduction

1.1 Active matter

1.1.1 Basic concept of active matter

Figure 1.1: A gallery of images related to collective behavior. Among others, it illustrates the
possible existence of very general behavioral patterns. (a) Wingless Locusts marching in the field.
(b) A rotating colony of army ants. (c) A three-dimensional array of golden rays. (d) Fish are known
to produce such vortices. (e) Before roosting, thousands of starlings producing a fascinating aerial
display. They are also trying to avoid a predator bird close to the central, finger-like structure. (f) A
herd of zebra. (g) People spontaneously ordered into “traffic lanes” as they cross a pedestrian bridge
in large numbers. (h) Although sheep are known to move very coherently, just as the corresponding
theory predicts, when simply hanging around (no motion), well developed orientational patterns
cannot emerge.

The figure and the above caption are reprinted from [1] (T. Vicsek, ez al., “Collective motion”, Phys.
Rep. 517, 71-140 (2012)), © (2012), with permission from Elsevier.
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Active matter refers to systems in which biological or physical components consume energy to move
or deform, resulting in unique collective physical and dynamic behaviors [1-5]. This field draws
inspiration from biological phenomena (Fig. 1.1), such as bird flocks [6], fish schools [7], cell move-
ments [8—12], and bacterial colony formations [13, 14], aiming to understand their collective dynamics
and pattern formation. Recently, active matter, with its wide applications, has attracted significant
attention [15]. Due to its nature as a non-equilibrium system, active matter exhibits complex dynamic
patterns that cannot be explained by equilibrium thermodynamics or statistical mechanics [16]. For
example, vortex structures [17] and true long-range orientational order [18] emerge from interactions
among active elements.

Furthermore, individual elements and particles often interact either locally or non-locally with
other elements to coordinate their movements. There are many types of interactions, such as short-
range interactions like the excluded volume effect and long-range interactions like hydrodynamic
interactions. Among these, alignment interactions that change the orientation of self-propulsion of
particles are key to collective order and pattern formation. These interactions are crucial in modeling

phenomena such as bird flocks [6].

1.1.2 Classification

Active matter can be classified into several classes based on the directionality of self-propulsion and the
symmetry of interactions [3]. Firstly, regarding the direction of self-propulsion, particles may move
either (i) along their specific directionality towards the head direction or (ii) move randomly in forward
and backward directions with equal probability. Secondly, there are different types of interactions that
align the orientation of particles: (i) polar interactions where particles align their direction of motion
with each other, (ii) nematic interactions where particles align along an axis without polarity, so they
orient at an angle of either O degrees or 180 degrees from each other, and (iii) no aligning interactions
where the direction of self-propulsion is determined individually.

Furthermore, the presence or absence of long-range interactions is also an important factor. For
instance, in systems referred to as dry systems [19], only short-range interactions such as excluded
volume effects are present. In contrast, in systems known as wet systems [17], hydrodynamic inter-
actions play a significant role. Similarly, as discussed below, elastic interactions are a key factor in
active solids [20, 21]. The hydrodynamic and elastic interactions are long-ranged in bulk systems
without boundaries. This thesis focuses exclusively on systems with long-range hydrodynamic or

elastic interactions.

1.1.3 Dry active matter

Here, I introduce the representative models of dry active matter, Vicsek-style models in two dimensions:

Vicsek model, self-propelled-rods, and dry active nematics [19]. All of them have short-range metric

interaction, an interaction between particles that depends on the physical distance between them.
Firstly, the Vicsek model [22, 23] is one of the models of matter exhibiting polar motion and

polar short-range interactions. The Vicsek model is a minimal framework to study collective motion
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in systems of self-propelled particles. In this model, particles move at a constant speed in a two-
dimensional space, and their orientation aligns with the average direction of their neighbors within a
certain radius, subject to noise. In the context of physics, the model is a two-dimensional XY model
with particle flow. In terms of the model equations, at each time step ¢, the position r; and velocity

voe(6;) of particle i are updated as follows:

ri(t+At) =r;(t) +voe(0;)At, (1.1a)
0:(t +Ar) = arg Z e |+ (1), (1.1b)
JeN:

where N; represents the set of neighbors within a fixed interaction radius rg including i itself, and n; ()
is a random noise term uniformly distributed within [-7/2,1/2]. There are four parameters: particle
density p, interaction radius rg, particle velocity vo, and noise intensity 7. Here, the velocity must be
slow enough for the interaction to occur. By normalizing the interaction radius to 1, two qualitatively
important parameters remain: particle density p and noise intensity 7.

There are two states in this system: an ordered state where the self-propulsion directions of the
particles are aligned in a single direction and a random state. Interestingly, the ordered state has
a true long-range orientational order of a polar order P = [{e(6;))| [19]. In the two-dimensional
XY model with fixed particles, it is known that there is no long-range order due to the spontaneous
breaking of continuum symmetry (Mermin—Wagner theorem [24]). Instead, a quasi-long-range order
is realized in which the orientation correlation function should decay in a power-law manner. However,
in the Vicsek model, the orientation of particles has a true long-range order in which the orientation
correlation function remains finite in the long-range limit. Since the ordered phase is a state in which
orientation symmetry is broken, the transition between the two states is a discontinuous transition with
spontaneous symmetry breaking from a random state to an aligned state [25, 26]. Near the transition
point, a two-state coexistence state is realized, where the ordered and disordered states propagate in
bands called Vicsek bands. Another notable feature of this system is the anomalous fluctuation of the
number of particles. In general, the particle fluctuation ((N — (N ))2)% behaves in a power-law fashion
with respect to the mean value (N) where (- --) is the particle average over a certain region. Let the
exponent be @: (N — (N ))2)% oc (N)?. In the equilibrium system, @ = 0.5 according to the central
limit theorem. Even in the disordered state of the Vicsek model, a takes the same value as the above
one. On the other hand, in the ordered state, the exponent becomes o ~ 0.8. This larger-than-usual
particle number fluctuation is called giant number fluctuation.

Next, self-propelled rods have polar motion and nematic interaction. The time-evolutions of the

position r; and velocity vge(6;) of particle i are as follows:

ri(t+At) = ri(t) +voe(6;)At, (1.2a)
_ - i0;
6; (t +At) = arg Z sign [cos (6 — 6;)] "% | +n; (1), (1.2b)
JEN;

where the meanings of the variables are the same as the Vicsek ones. The large-scale properties of this
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system have been reported in the paper by Ginelli ez al. [27]. Unlike the Vicsek model, this system
shows four states as the noise is increased: from small noise (i) homogeneous nematic order, (ii) stable
nematic bands, (iii) unstable nematic bands, and (iv) spatially homogeneous disordered. In particular,
the nematic order parameter S = |(exp(i26;))| takes a non-zero value in the large-system-size limit in
the state (i). This suggests that true nematic long-range order appears in the system. When we look
at the distribution of polar orientation, we can see that there are two peaks of the same magnitude at
the directions of the nematic order +68y and —60y, indicating that there is migration of the same scale
in the positive and negative directions. Like the Vicsek model, giant number fluctuation is observed
with the exponent @ ~ 0.8.

Finally, dry active nematics have apolar motion and nematic interaction. The time-evolutions of

the position r; and velocity voe(6;) of particle i are as follows:

ri(t+At) =r;(t) £ voe(6;)At, (1.3a)
_ - i0;
0;(t+At) = arg Z sign [cos (6 — 6;)] "% | +n: (1), (1.3b)
JEN;

where the particles move forward or backward with equal probabilities. The properties have been
reported in Ref. [28]. The system has a state transition from an orientationally disordered state to
an ordered state at critical noise strength o.. Unlike the two systems above, this system does not
have polar or nematic long-range order in the aligned state that appears when the noise is small.
Instead, it has a quasi-long-range order with respect to the nematic order S which is reminiscent of
the Kosterlitz—Thouless transition. Indeed, the nematic order parameter S(N) as a function of the
number of particles in this state scales as S(N) ~ N~¢ where/ ~ 1/16 at the critical point o, in
good agreement with the scaling exponent £ = 1/16 for the Kosterlitz—Thouless transition. The giant

number fluctuation with the exponent @ ~ 0.8 has also been reported [29].

1.2 Passive nematic liquid crystals

In this section, we overview the theoretical model of passive nematic liquid crystals. Nematic liquid
crystals are a material composed of molecules that align their long axes in the same direction on
average with disordered positions of the center-of-mass, while still flowing like a liquid. Since we are
interested in macro-scale dynamics, we use the continuum model to describe nematic liquid crystals.
The physical quantities that need to be considered are the molecular alignment of liquid crystals and
the flow velocity. The theoretical model of nematic liquid crystals is well described by a second-
rank tensor that represents the orientation and degree of alignment [30]. Many textbooks, such as
Refs. [30-33], have been published on the theory of nematic liquid crystals. Most of this subsection
is essentially covered in these textbooks. Before going through the detailed theory, some assumptions

should be made to clarify our target system.

¢ Uniaxial molecules, in other words, rod-like molecules are considered.
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* Molecular density is significantly high and constant over the system ! [30, 32].

¢ The fluid containing the molecules (in other words, under the above condition, the mixture of

the molecules and surrounding fluid) is incompressible.

The equations consist of the following two main equations:

1. The dynamic equation for a second-rank tensor that represents molecular alignment

2. The equation of fluid motion (an extended Navier—Stokes equation)

1.2.1 Alignment tensor (Q-tensor)

Consider a small region containing a statistically large number of molecules. The orientation of the
i-th molecule within this region is represented by a unit vector a;. If the orientation of the molecule
is distinguishable along the rotation axis, a; is uniquely defined. On the other hand, for molecules
without head-tail distinction, a; can be determined randomly. Now, let the a-axis represent the average
orientation of the molecules in the small volume. The degree of alignment of the molecules along the
a-axis is described by the order parameter S = S(r), which is conveniently defined as follows:

S= % ((aia —é) (1.4)
where (- --) denotes the local average of molecules and d is the dimension of the vector a;. If the
molecules are oriented completely randomly, then (a?) = (a3) = --- = (a%) and (a?) +(a3) +--- +
(a‘zi) = 1, leading to (a%l) = 5 for arbitrary axis and thus § = 0. On the other hand, if the molecules
are perfectly aligned along the a-axis, then {(a2) = 1, resultingin S = 1.

It is possible to handle the degree and the direction of alignment by considering the second-rank
tensor {a;a;) (i,j = 1,2,--- ,d). The order parameter defined in Eq. (1.4) can be generalized to the
second-order tensor Q;; = Q;;(r) called the Q-tensor by combining the scalar order parameter S and

the unit vector n called director as the direction of alignment as:

d 1
Qij = 1 ((aiaj> - 251']') , (1.5)
or equivalently,
1
g:S(n®n—2). (1.6)

By definition, @ is a symmetric tensor (Q;; = Q ;) and traceless (Tr Q = 0).

1.2.2 Phenomenological free energy

A phenomenological free energy F is defined as follows:

F= / (a6 (Q) + fotasic (VQ)) dV, (1.7)

IThere are two important reference densities: v; = 1/ L3, below which the molecules are able to rotate freely without
interference by other ones and v, = 1/ (bL?), below which the effect of excluded volume is shown to be in the order of v,.
Here L is the length and b is the diameter of a molecule. We consider the situation such that the density of molecules v satisfies
Vi< vy S
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with respect to Q. The homogeneous part JfLag(Q) called the Landau—de Gennes free energy is the

power series expansion of free energy [30],
A B C 2
deG(Q):EQ'Q+§Tr(Q’Q'Q)+Z(Q'Q) . (1.8)

Here, A is generally an increasing function of the temperature, approximated as A = a(T — Tp) with
a constant a > 0 in the vicinity of the transition point 7. The system exhibits a continuous transition
when B = 0 and a first-order transition when B < 0. C is always positive to ensure thermodynamic
stability.

The contribution from the spatial disorder of orientation can be written using the director as follows
1 2,1 2, ] 2
fa= §K1 (V-n)"+ EKZ (n-(Vxn)) + §K3 (nx(Vxn))-. (1.9)

These terms follow naturally from the symmetry of nematic liquid crystals. Here, the first term repre-
sents splay deformation, the second one is twist deformation, and the third one is bend deformation.
This elastic distortion energy is referred to as Frank elastic energy.

On the other hand, for the deformation energy using the Q-tensor, only the following two terms

remain from the symmetry:

Ly 00k 00k N L> 0Qik 00y,

ic = — . 1.1
Jatwsie = 5 5 " ox, T2 oxi ox, (1-10)
By substituting the definition of Q, Eq. (1.6), into this expression, we obtain:
f—l Li+iL (VS)2+1L (n-VS)?
3\ e 6"
2 1 2 2 1 2
+S L1+§L2 (V-n)*+Li(n-Vxn)+ L1+§L2 (nxVxn) (1.11)

2 1
+3L2S (V-m) (n-VS) + 2 LoS (nx Vxm) - VS.

Here, assuming that the spatial variation of the scalar order parameter S is small, and dropping the term
involving the derivative of it, we obtain the following relationship from the comparison of Eq. (1.9)
and Eq. (1.10)

1
K, = K3 = 252 (L] + —Lz) ,
2 (1.12)

K> =25%L;.
For simplicity, assuming K; = K, = K3 called one-constant approximation, we get L, = 0. The

free energy for distortion then becomes:

L1900k 0Qjk _ Ly
2

2
fomic = 5 5 L = 2 (v (1.13)
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1.2.3 Time-evolution equations

The evolution of the Q-tensor is given by the following equation:

09
—_+v'Vg=/ng+g~Q—Q~g+

H 1.14
5 H, (1.14)

<=

where v is the fluid velocity, share rate u = [V® v + (V ® v)7]/2 and vorticity w = [Vov - (V®
v)T] /2 are the symmetric and anti-symmetric parts of the velocity gradient tensor, respectively. v - vo
is the advection term for the Q-tensor. @ - @ — w - @ describes rigid-body rotation of the direction
of alignment due to the vorticity w. ASu is a coupling term between the shear deformation gradient
tensor # and the Q-tensor where A is called the flow-alignment parameter 2 . |2| < 1 corresponds to a
flow-tumbling regime, where the director continuously tumbles under shear flow. Conversely, |4| > 1
corresponds to a flow-aligning regime, where the director remains stationary at a fixed angle relative to
SF

the shear flow. H = — %5 is the variation of free energy, driving the Q-tensor toward an energetically

stable state with the coefficient y.
The time evolution equation for the flow field v is an extension of the Navier—Stokes equation,
adding a stress term due to the Q-tensor:

P
p(a—:+v-Vv)=—Vp+V~g,V-v=0, (1.15)

where p is the density of the fluid, and p is the pressure. The stress tensor o is separated into two
parts: & = O iccosity + Cpassive: The viscous stress arises from the velocity gradient and is given by

o = 2nu where 1 is the shear viscosity. The passive stress is related to the alignment tensor

—viscous
Q and the thermodynamic driving force H and given by o =-ASH+Q-H-H - Q. The first

passive

term of T passive is understood from Onsager’s reciprocal theorem, and the latter terms come from
the coefficients of 6Q of the variation of the free energy under the law of conservation of angular

momentum.

1.2.4 Topological defects

A topological defect is a singularity of the orientational field. When the alignment is restricted to the
xy-plane, the alignment vector can be expressed as n(r) = (cos 6, sin 6,0) using an angle (r). In
this case, the winding number s of the alignment is defined as the line integral of the orientation angle

along a closed loop C around the singularity, as follows:

}{ dré (r) =2ns (1.16)
c

Due to the head-to-tail symmetry of » (where n and —n, or 6 and 6 + 7 are equivalent), s takes

half-integer values (s = 0,+%,+1,+3,---). The winding number is invariant under continuous

deformations of the path that does not cross the singularity and is thus referred to as a topological

2In general, the coupling between the Q-tensor and the shear deformation gradient is written with the rank-four coefficient
Cijki like Cjirugg. Various research groups have proposed ways to determine this coefficient [34]. We adopted the simplest
model [35] of them all, in which the fourth-order tensor is considered Cjjx; = C 6ir .-
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invariant. The higher the winding number around a singularity is, the greater the energy cost for
creating a defect becomes. In nematic liquid crystals, defects with s = +1/2 which have the lowest
elastic energy, are predominant. The +1/2 defect has a comet-like shape while the —1/2 defect has
a star-like shape with three-fold symmetry (Fig. 1.2). A pair of topological defects with winding

numbers J_r% attract each other to reduce the free energy and annihilate upon collision.

(a)/////////////// (b)\\\\\\\\\\\\\\\
11117777 svee e NN
A A A S A A A A A VLLUL L N N N N N N N S S~
[ Y R A AV A A A A S T S S N
L L1777 e NN
[ B B R A A A N
B iaagiiIIies

¢ TToooC RERE R R
[T T T T S NN e i oo oo oo
NN [ R B A A A R
NN NN NN [ A A A A A
U U U N [ Y Y A A A A A A
NN A A A A A S A A A A P
N NN A A A A A A A S A A A
N NN NN /A A A A A S S S A A A

Figure 1.2: Schematic pictures of (a) s = +1/2 defect and (b) s = —1/2 defect, respectively. Black
lines show the director field.

1.3 Active nematic liquid crystals

In this section, we briefly go through previous work about active nematic liquid crystals. Hereafter, we
will call the suspension of elongated particles that produce hydrodynamic stress along the molecular

axis due to their internal activity the active nematics.
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1.3.1 Examples of experimental systems

Bacterial colony b, Epithelial tissue

\
. \\\

—1/2 defect

N4

Figure 1.3: Active nematic defects in biological systems. a Growing colony of E. coli bacteria [36].
The motion of +1/2 defects towards the growing interface can lead to shape changes of the colony. b
Epithelial tissue of Madine-Darby canine kidney (MDCK) cells. Scale bar is 10 pm [8]. Strong
correlations between the position of +1/2 defects and cell death and extrusion have been reported. ¢
Monolayer of neural progenitor stem cells [9]. Cells are depleted from -1/2 defects (blue, trefoil
symbols) and accumulate at +1/2 ones (red, comet-like symbols). d Dense monolayer of mouse
fibroblast cells [10] showing —1/2 and +1/2 topological defects marked by blue and orange circles,
respectively.

The figure and caption are reused from [17] (A. Doostmohammadi, et al., “Active nematics”, Nat.
Commun. 9, 1-13 (2018)) under Creative Commons CC BY 4.0. Reprinted a with permission from
[36] (A. Doostmohammadi, et al., “Defect-mediated morphologies in growing cell colonies”, Phys.
Rev. Lett. 117, 048102 (2016)) © (2016) by the American Physical Society. Reprinted b with
permission from [8] (T. B. Saw, ez al., “Topological defects in epithelia govern cell death and
extrusion”, Nature 544, 212-216 (2017)) © (2017) by Macmillan Publishers Limited, part of
Springer Nature. Reprinted ¢ with permission from [9] (K. Kawaguchi, et al., “Topological defects
control collective dynamics in neural progenitor cell cultures”, Nature 545, 327-331 (2017)) ©
(2017) by Macmillan Publishers Limited, part of Springer Nature. Reprinted d with permission from
[10] (G. Duclos, et al., “Topological defects in confined populations of spindle-shaped cells”, Nat.
Phys. 13, 58-62 (2017)) © (2016) by Macmillan Publishers Limited, part of Springer Nature.

Before introducing the model equations, explaining experimental systems would be helpful. Examples
include bacterial colonies [36], assembly of cells [8], and cytoskeletal filaments [37] (See also Fig. 1.3).
The population of E. coli that exhibits cell division shows a nematic state, as shown in the area
surrounded by the blue line in Fig. 1.3(a). In addition, topological defects with a charge of +1/2 and
—1/2, as indicated by the red and green dots, appear. In this system, cell division is the source of
active stress. Figure 1.3(b) represents topological defects in MDCK cells which are an example of

extensile active nematic liquid crystals. It is known that the stress around the +1/2 defect enhances
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cell apoptosis and extrusion. In the case of a monolayer of neural progenitor stem cells (Fig. 1.3(c)),
an example of two-dimensional active nematic liquid crystals, cell depletion around —1/2 defects,
and accumulation around +1/2 defects have been reported. Figure 1.3(d) shows +1/2 defects (orange

circles) and a —1/2 defect (blue circle) in a dense monolayer of mouse fibroblast cells.

a

Figure 1.4: An experimental system that has been very important for developing the understanding
of active nematics is a mixture of microtubules and two-headed molecular motors. a Fluorescently
tagged microtubules from polymerised tubulin are brought together by the depleting action of
Polyethylene Glycol(PEG), and are cross-linked by clusters of biotinylated kinesin and Streptavidin,
resulting in active extensile microtubules bundles in an aqueous suspension (b). As the motors walk
along the microtubules the bundles extend, are pushed apart, and re-form. ¢ The active nematic
self-assembles at the water/oil interface and gives rise to active turbulence for as long as there is
sufficient ATP to fuel the motors.

The figure is reused, and the caption is adapted from [17] (A. Doostmohammadi, et al., “Active
nematics”, Nat. Commun. 9, 1-13 (2018)) under Creative Commons CC BY 4.0.

Next, I will explain the properties of the microtubule-kinesin suspension. It was reported by
Sanchez et al. that spontaneous flow occurs in microtubule-kinesin suspension [38], and it has
attracted much attention in terms of an example of active nematics. Microtubules are cylindrical
macromolecules with a diameter of approximately 25 nm and a length of several micrometers. They
have a structure in which protofilaments, which are linear chains of dimers of proteins called a-tubulin
and S-tubulin, are arranged in a cylindrical shape. The exposed end of the S-tubulin is called the plus
end, and the one of the a-tubulin is called the minus end. Kinesin is one of the motor proteins that can
stick to a microtubule and move unidirectionally, mostly from minus to plus ends, on a protofilament
by consuming the energy obtained from adenosine triphosphate (ATP) hydrolysis. By tying multiple
kinesins with Streptavidin, it is possible to create a cluster that has two docking points. The bundle
of microtubules is formed through cross-linking mediated by kinesin motor clusters (Fig. 1.4(a)(b)).
If the microtubules are arranged antiparallelly, sliding between the microtubules occurs because the
cluster walks on each microtubule, while a pair of parallel microtubules does not show relative motion.
The sliding results in the net extension of bundles.

By adding polyethylene glycol (PEG) to the suspension, microtubules are brought closer together
due to the depletion force driven by the entropy of conformations of PEGs (Fig. 1.4(b)). The two-
dimensional system is realized at the oil-water interface stabilized by surfactants (Fig. 1.4(c)). When
a dense suspension is formed, a nematic state appears. The flow pattern is regulated in various ways

such as changing the density of each component of suspension.
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The emerging pattern is shown in Fig. 1.5(a) and the corresponding simulation result in Fig. 1.5(b).
This pattern is called active turbulence or active nematic turbulence and will be explained in Sub-
sec. 1.3.4. The highly curved regions highlighted with yellow lines in Fig. 1.5 are recognized as

topological defects. Typically, +1/2 defects appear in nematics.

Experiments Continuum simulations

Figure 1.5: Active nematic turbulence. a Fluorescence confocal microscopy micrograph of the
active nematic in contact with an oil of 0.05 Pa s. b Snapshot of the time evolution from solving the
continuum equations of motion, showing active turbulence. A comet-like, +1/2, and a trefoil-like,
-1/2 defect are highlighted in each case.

The figure and caption are reused from [17] (A. Doostmohammadi, et al., “Active nematics”, Nat.
Commun. 9, 1-13 (2018)) under Creative Commons CC BY 4.0.

1.3.2 Theoretical description

The time evolution equations for active nematic liquid crystals are a form that adds active stress to the
equation for passive liquid crystals [17, 39]. There are various types of equations for passive liquid
crystals, but in this thesis, we will formulate them using a tensor-type alignment field as introduced in

Sec. 1.2. The equations are written as follows:

00 1
—+v- VO =A5u+0 - w-w-0+—-H, 1.17)
ot = - == - =y
0
p(a—:+v-Vv)=—Vp+V-g. (1.18)
Here, a new term derived from the activity o ... is added to the stress tensor: o = T yiscosity +
T assive T Tactive: Active stress is given by the lowest-order term of the Q-tensor that can be considered

from symmetry,

T eive = ~0Q. (1.19)

—active

Here the sign of coefficient @ determines the type of active stress. In the case that @ > 0, referred to
as extensile systems, particles generate forces that push the solvent outward along their axis, resulting
in the stretching or elongation of the material (Fig. 1.6(a)). This behavior is commonly observed in
systems such as microtubule-kinesin networks or human bronchial epithelial cells [40]. Conversely,

in the case that @ < 0, referred to as contractile systems, particles generate forces that pull inward
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along their axis, causing contraction of the material (Fig. 1.6(b)). This is characteristic of actomyosin

networks or fibroblast cells [11].
I ]
(a) extensile (b) contractile

Figure 1.6: Schematic pictures of (a) extensible stress and (b) contractile stress. The black line
shows the director field, and the arrows are the directions of the flow field.

1.3.3 Hydrodynamic instabilities and topological defects

While the equilibrium state in the bulk system of passive nematic liquid crystals is a uniformly aligned
configuration, the alignment of active nematic liquid crystals is destabilized by active stress. It has
been reported that active stress contributes to the destabilization of modes [39, 41]. Thampi et al. [42]
investigated the destabilization dynamics from the uniformly aligned state. Since this destabilization
differs between the extensile and contractile cases, we will first discuss the extensile case. Firstly, the
most unstable mode, which is parallel to the director field, grows, and bend deformation arises. The
director deformation creates a flow field as can be seen from Eq. (1.19), which in turn sharpens the bend
deformation. This banded region of bend deformation is called the “wall” region. Wall generation is
intuitively understood as the competition between two effects: destabilization by active stress a and
stabilization by Frank elasticity K. In fact, the width of the wall region is scaled by the characteristic
length \/K_/a/. When the director tilts significantly, at some point the “wall” region splits into a pair of
topological defects. The creation of defects is explained by the destabilization of the bend deformation
region with respect to the splay deformation. It should be noted that active stress plays an important
role in this destabilization, unlike passive nematic liquid crystals. The generated topological defects
are transported by elastic forces and flow fields. In particular, +1/2 defects self-propels due to their
asymmetric nature [43, 44]. When two topological defects with the same magnitude of topological
charge and opposite signs approach each other, they disappear by collision. As a result, a uniform
region appears again.

In the case of contractile systems, on the other hand, the destabilizing pattern is the opposite of
the extensile case. That is, in contrast to the appearance of many bend regions in the extensile case,
splay deformation regions appear. There is bend deformation between the different splay deformation
regions. As time goes on, the bend deformation becomes more pronounced, and a pair of topological

defects is generated at a certain point.
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1.3.4 Active turbulence

In the steady state of the bulk system, the process of (i) destabilization of the aligned region, (ii)
generation of topological defects, and (iii) the re-alignment of the orientation field, which is explained
in the previous section, occurs repeatedly. Consequently, both the orientation field and flow field
become chaotic in space and time. This state is called the active turbulence state3 [17]. We will now
look at the characteristics of this state. Here, there is a point to note: the properties of active turbulence
differ depending on the system being considered (polar or nematic), and the following explains the
properties of wet active nematic liquid crystals in particular.

The characteristics of the flow field are qualitatively different from the properties of turbulent states
in inertial fluids. For example, the energy spectrum of the flow v?/2 is different from the Kolmogorov
law (~ k‘%) for inertial fluids. In a microtubule-kinesin suspension, it has been reported that the
spectrum is ~ k', ~ k!, and ~ k~* in the order of wavenumber from low to high [46]. The scaling
of ~ k~! and ~ k~* can be derived using the mean field theory [47]. This suggests that, unlike
inertial turbulence, there are characteristic length scales in the system. They change depending on the
magnitude of the active stress.

Active turbulence is not limited to active nematics; for example, it also appears in polar systems.

However, its flow characteristics differ. This is summarized in the review paper Ref. [48].

1.3.5 Effect of boundary walls

It is known that the dynamics of active nematic liquid crystals can be controlled by applying external
constraints, such as introducing friction or confining them to a geometric shape. In this section, we

will look at systems with confinement in a channel region and with friction.

Confinement in channel geometry

First, in active nematic liquid crystals confined within a two-dimensional channel, several patterns
are observed. Here, I specifically focus on extensile system with strong homeotropic anchoring and
no-slip boundary#. There are two factors that need to be considered for describing the state diagram:(i)
competition between the channel width and the characteristic length scale created by the active stress
and (ii) the self-motility speed of the +1/2 defects® [50]. The model length scale created by active
stress can be determined from the balance between the magnitude of active stress @, and the Frank
elasticity K, as

la=+]—. (1.20)
a

It is important to note that the emergent characteristic lengths in active turbulence states are scaled

using [, [51]. In a channel geometry, four states are roughly observed:(1) uniformly aligned without

3In three dimensional system, the line-type topological singularities appear instead of point defects, and the system also
exhibits chaotic patterns [45].

4The patterns are affected by boundary conditions. For example, in Ref. [49], results are shown for the case where one side
is homeotropic and the other is planar.

SThis is a value scaled from the parameters of the model equations, not the actual speed of the defects.
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flow (2) unidirectional flow, (3) vortex lattice, and (4) active turbulence, in order from systems with
relatively weak active stress [50].

If the activity is weak enough and the speed of the +1/2 defect is slow enough, a uniformly aligned
state appears where there is no flow. As the two parameter values become larger, unidirectional flow
occurs. With further activity and an increase in self-propulsion speed, the unidirectional flow state
transits to a vortex lattice state where vortices can exist at equal intervals within the channel. When the
activity further increases, in other words, the length scale decreases, part of the vortex lattice breaks
down and the flow becomes turbulent locally. By further increasing the activity, the turbulent-state
region becomes dominant, and finally, a uniform active turbulent state is formed. It has been found
that the critical exponent for the transition from the vortex lattice to active turbulence belongs to the

same universality class as the directed percolation phenomenon.

Friction with substrate

Friction with the substrate causes momentum damping. Theoretically, the effect of momentum
damping is represented by adding a drag term proportional to velocity on the left-hand side of the
equation of motion of the fluid Eq. (1.18) [52-58]. Here the coefficient is a second-rank tensor and
determines the symmetry of the friction. In active nematic liquid crystals with density changes of
active particles, the introduction of friction has been reported to cause the appearance of alternating
laminar flow called laning flow and vortex lattice states [52, 56, 59].

On the other hand, in active nematic liquid crystals with anisotropic friction, the appearance of a
laning state without density change has also been confirmed experimentally [60] and theoretically [53],
respectively. Experimentally, two-dimensional active nematic liquid crystals are realized at the in-
terface between solution and oil, stabilized by a surfactant. In this experiment, octyl-cyanobiphenyl
(8CB), which exhibits a smectic liquid crystal phase when a magnetic field is applied, is used as the
oil. In the absence of a magnetic field, i.e., when 8CB exhibits a random phase, the friction with the
oil at the interface is isotropic. However, when a magnetic field is applied, 8CB exhibits a smectic
liquid crystal phase, a layered state of two-dimensional nematic order. In this case, the friction with
the oil differs in magnitude in the direction perpendicular to the layer and in the direction parallel to

the layer. This anisotropic friction causes laning flow.

1.4 Active Solids featuring alignment interaction

In this section, we briefly review previous studies on active solids. Hereafter, I term active solids as

elastically deformable states composed of active matter.

1.4.1 An example of experimental system

In this subsection, I introduce the experimental system as an example of active solids featuring
alignment interaction.
An example of self-propelled particles with alignment interactions is HexBug Nano®, hereafter

simply referred to as HexBug®. HexBug® is a small robot that resembles an insect and is sold by



Chapter 1. Introduction 15

Spin Master Ltd. The mass of a single unit is about 7g, and the size is about 4.4 x 1.3 x 1.9cm>. It
has a vibration motor in its body, and when the power is turned on, it generates minute vibrations. It
also has six pairs of bent legs on each side of its body, and the vibrations of its body generate forward
propulsion. From this, we can see that the HexBug® is an active matter with polar self-propulsion, as
introduced in the previous section.

It is also known that the HexBug® has a self-aligning interaction that aligns its self-propulsion in
the direction of its own speed [61, 62]. This is presumably because the frictional force between the

floor and the HexBug®’s head is non-uniform in the direction from the HexBug®’s head to its tail®.

a Reference configuration for the position

Active liquids /A/—/%

ctive solid Elastic solid

\.N;Q

Figure 1.7: a, Active solids have positional degrees of freedom with a reference state and a
free-to-rotate polarity vector in the direction of the active force. b, Active unit: a HexBug® is trapped
in a three-dimensionally printed cylinder. ¢, The active component, confined here in a linear track
and attached to a spring of stiffness k, produces an active force of amplitude Fj in the direction of
polarity 7 and elongates the spring by length [, = Fy/k. d, Mechanical design of the HexBug®—mass
distribution and shape of the legs—is responsible for its alignment towards its displacement, here
imposed manually, of the cylinder.

The figure is reproduced, and the caption is adapted from [61] (P. Baconnier, et al., “Selective and
collective actuation in active solids”, Nat. Phys. 18, 1234-1239 (2022)) with permission from
Springer Nature.

Baconnier et al. trapped each HexBug® in a cylinder and connected them with springs to create

a solid state [61, 63—65], as shown in Fig. 1.7. The cylinders move when pushed by the HexBugs®

¢Let me consider a rod of uniform density p and length L. It is moving in the direction of the +y-axis with velocity v. Let
the coeflicient of friction at each position be y (7). Suppose the coordinate of the buttock is (—L/2,0), and the one of the head
is (L/2,0). At this time, the center of gravity is at the origin. The frictional torque acting on the entire bar is given by

L2 0 L/2
N = —/ dxpvy(x)x = —/ dxpvy(x)x —/ dxpvy(x)x (1.21)
-L/2 -L/2 0

If the friction is uniform, the torque is zero. However, if the friction on the +x-side is stronger than the other side, the torque is
positive and the bar rotates counterclockwise.
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inside them. In this case, the cylinder containing the HexBug® is regarded as an active particle, not
the HexBug® itself. Different particles interact through the springs.

It has been reported that solids made up of HexBugs® can be in a migrating state, moving in
one direction [65]. It has also been studied that spontaneous deformation can occur within solids by

pinning the solid and restricting the movement of the center of gravity [61, 63, 64].

1.4.2 Order-disorder transition

The research by Ferrante et al. focuses on the systems where self-propelled particles are connected by
linear springs [20, 21]. Here are the equations they introduced for the position r; and orientation 6; of

the i-th particle,

ii=von; +a [(F;+D.§,) - ni] n;, (1.22)

0; =B [(F; + D,£,) - nf] + Doéo, (1.23)

where the i-th particle self-propels in the direction of n; vector with the speed vo, and n;- is the unit
vector perpendicular to the direction of self-propulsion. The parameters « and S are the inverse of
translational and rotational damping coefficients, respectively. The elastic force exerted on the i-th
particle is given by F; = 3 ;cq,(=k/lij)(rij = lij)rij/lij with r;; = r; —r;, a sum of spring forces
with natural lengths /;; and spring constants k//;;. Each set S; contains all particles interacting with
the i-th particle and is fixed throughout the simulation. In these systems, collective motion emerges
spontaneously through elastic interactions between particles, without the need for explicit alignment
rules. For example, if the particles are initially configurated in a hexagonal lattice with random
orientation (Fig. 1.8(A1)), coherent regions gradually develop (Fig. 1.8(A2)), and finally, the globally
rotating and translating state appears (Fig. 1.8(A3)). The elastic rod with randomly oriented particles
(Fig. 1.8(B1)) also undergoes coherent deformation (Fig. 1.8(B2)), and collectively moving state
emerges (Fig. 1.8(B3)). In column C in Fig. 1.8(C1), the particles are initially distributed randomly
around two holes. Particles within a radius r = 1 are permanently connected by the springs. Over

time, coherent regions expand (Fig. 1.8(C2)), leading to the globally collective motion (Fig. 1.8(C3)).
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Figure 1.8: Active elastic sheet simulations of Eqs.(1.22) and (1.23). (A) Hexagonal active crystal at
t =0 (Al), 240 (A2), and 1700 (A3). (B) Rodlike active crystal at t = 0 (B1), 400 (B2), and 1700
(B3). (C) Active solid at same times as column B; darker agents symbolize higher local alignment.
The figure and caption are reprinted with permission from [21] (E. Ferrante, ef al., “Elasticity-based
mechanism for the collective motion of self-propelled particles with springlike interactions: a model
system for natural and artificial swarms”, Phys. Rev. Lett. 111, 268302 (2013)) © (2013) by the
American Physical Society.

Particularly, system Fig. 1.8(A) exhibits discontinuous transition with respect to the polar order

parameter i = |Zf\i R i| as translations or rotational noise is increased.

1.4.3 Long-range order in active solids

Long-range order in active solids has been investigated by Huang ef al. [66]. They calculated the
correlation function of active particle systems where particles are eternally connected with springs in
a triangular lattice and investigated the presence or absence of long-range order. They have analyzed
the system in general dimensions, but here we focus on two-dimensional crystals. They also compare
two cases, i.e. Vicsek-like interactions and self-alignment interactions, but in this thesis, only the

self-alignment case is discussed.
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We note here that ordinary passive crystals do not have true long-range order in two dimensions.
This is a consequence of the Mermin—Wagner theorem. Specifically, correlations of particle positions
have quasi-long-range order, while bond orders have long-range order.

The equations they used are as follows,

‘)/pf‘,'(l‘) =bpn(0,-) +Fi(l‘) +)/p\/2Dp ,‘(l), (1.24)
r,—r;

F; :j;ik(m —r;|—ao) m (1.25)

9[(1‘) =cp(n(9i) X Fl) 2+ ZDgT]l(l‘), (1.26)

where vy, is the friction coefficient, and b,n(6;) is the active force with identical magnitude b, for
all 7 and director n(6;). In the second equation, « is the elastic constant, and a is the natural length
of the springs. In the third equation, c,, is the alignment strength, and Dg is the rotational diffusion
constant. Additionally, a unit vector Z, which is perpendicular to the plane, is temporally introduced
for the calculation of the cross product. 6; is the angle of the vector n(6;) measured from the x-axis,
and thus n(6;) = (cos6;,sin6;). The summation }}; ,, ; is taken over six nearest neighbors of the
i-th particle.  The system undergoes a transition between ordered, in other words, migrating, and
disordered states with respect to the polar order parameter, similar to the model described in the
previous chapter. Although further analysis needs to be conducted, their analysis suggests that this
transition is a second-order transition. The important point is that the presence or absence of long-
range order changes between these two states. First, in the disordered state, the order of crystalline is
found to be similar to that of the passive system. This is confirmed by the fact that the displacement
correlations as functions of wavenumber k decay with k2. Tt should be noted, however, that, unlike
normal passive solids, there is a characteristic fluctuation proportional to k ~* in the intermediate range.
This is also confirmed for active solids without alignment interaction [67].

On the other hand, in the migrating state, the order becomes short-range in the direction perpen-
dicular to the migrating. This is due to the effect of activity and alignment interactions, which results

in a lower critical dimension, under which long-range order cannot emerge, of 4.

1.5 Scope of this work

The basic properties of active nematic liquid crystals are well understood. There are also many papers
on the control of pattern formations using boundary conditions such as geometric confinement and
friction with the substrate. On the other hand, there is still room for development in the direct control
of the alignment of liquid crystals by external fields. This is in contrast to the active research that has
been carried out on the application of external fields to passive liquid crystals. Also, active nematics in
heterogeneous environments have not attracted much attention yet, despite their potential importance
in cellular and subcellular systems. In this study, we will clarify the effects of external fields and
the influence of the surrounding heterogeneous obstacles that directly affect the orientation field. In

addition, since the history of research on active solids is relatively short compared to that of active fluid
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systems, there is still space for investigating the basic properties of bulk systems. Therefore, we will

focus on active solids that move in one direction and discuss the structure of the internal fluctuations.

1.5.1 Effect of a uniform field on active nematics (Chap. 2)

The content of this subsection is adapted from Ref. [68] (Y. Kinoshita and N. Uchida, “Flow patterns
and defect dynamics of active nematic liquid crystals under an electric field”, Phys. Rev. E 108,

014605 (2023)) © (2023) American Physical Society.

The effects of an electric field on active nematics are relatively unexplored. An individual mi-
crotubule is reoriented parallel to a DC [69-72] and an AC [73] electric field, which is explained
by the negative net charge and dielectric polarizability of microtubules, respectively. However, an
experimental study on collective motion of microtubule-kinesin suspensions under an electric field is
lacking. Theoretically, a model of an active pump using a Fredericks twisted cell is proposed [74]. A
three-dimensional simulation of active nematics under an electric field finds a smooth decrease of the
defect density with increased field strength and a transition to a uniformly aligned state [45].

In the present thesis, we numerically study the effects of an electric field on two-dimensional
active nematics, focusing on the flow pattern and defect dynamics. We assume alignment of the
nematic director along the electric field due to dielectric anisotropy, neglecting electrophoretic or
electroosmotic effects. We find that the flow is enhanced in the directions perpendicular to the electric
field. The average flow speed and its anisotropy change non-monotonically with the field strength.
We obtained a laning state at a larger field strength near the transition to a uniformly aligned state,
and periodic oscillations between the laning state and anisotropic turbulence. Topological defects are
localized in a single vortex region and show simultaneous creation and recombination of two pairs of

defects.

1.5.2 Effect of a random field on active nematics (Chap. 3)

The content of this subsection is adapted from Ref. [75] (Y. Kinoshita and N. Uchida, “Active nematic

liquid crystals under a quenched random field”, arXiv:2404.08524.).

Recently, attention has extended to couplings of active nematics with non-uniform fields, such
as friction by micropatterned surfaces [58], curvature of epithelial tissues [76], spatially varying
activity [77, 78] and composition [79]. However, the behavior of active nematics in a randomly
heterogeneous environment is an open issue. Cells in tissues are in contact with extracellular matrix
that contains fibrous material such as cellulose of collagen. Collagen fibers form anisotropic networks
that guide migration of cells [80]. Plant cellulose is also used as a scaffold for in vitro culture of neural
stem cells [81]. Microtubules in cells are entangled with other components of cytoskeletal networks
such as actins and intermediate filaments, which hinder alignment. The cytoplasm also contains a
number of proteins that cyclically change their shapes and generate random hydrodynamic forces.

They not only enhance diffusion in the cell [82] but also may contribute to disorientation of active
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cytoskeletal filaments. To elucidate the effects of heterogeneous anisotropic environments on active
nematic flows, we address the effects of quenched random fields in this paper. The effect of a quenched
random field on nematic liquid crystals has been studied in a model of nematic elastomers [83].
The numerical study showed that the orientational correlation function decays exponentially as a
function of the distance and that the correlation length also decays exponentially with the disorder
strength. Recently, the effects of a random field on dry and wet active nematics have been addressed
in Refs. [84, 85]. In both cases, the quenched disorder slows the dynamics of topological defects.
The orientational correlation follows a crossover from algebraic to exponential decay for dry active
nematics, while a slow coarsening behavior is observed for wet active nematics. However, flow property
in active nematics with quenched randomness remains unexplored, despite its potential importance
in cytoskeletal dynamics and collective migration of cell colonies. In the present thesis, we focus on
the flow property and show that its response to the quenched randomness is in marked contrast with
that of the orientational order. We also vary the strength of randomness over a wide range and find a

transition from the weak to strong disorder regimes for wet active nematics.

1.5.3 Fluctuation in active solid featuring alignment interaction (Chap. 4)

The content of this subsection is adapted from [86] (Y. Kinoshita, N. Uchida, and A. M. Menzel,
“Collective excitations in active solids featuring alignment interactions”, The Journal of Chemical

Physics 162, 054906 (2025)), with the permission of AIP Publishing. © (2025) AIP Publishing.

Here, we focus on active solids that introduce aligning torques. They reorient the directions of
self-propulsion of each elastically coupled object towards the current direction of the elastic force
acting on this object. There are two obvious states in a bulk system that should be considered:
orientationally disordered states concerning the directions of self-propulsion of each object and states
of a certain degree of global alignment of these directions [20, 21, 66]. Depending on the strengths of
the alignment interactions, globally aligned states are conceivable, at least in finite-sized systems. Such
global alignment is also observed for fluid systems featuring elastic collisions [87]. Conversely, strong
rotational diffusion may still destabilize the orientational order and lead to a disordered state [21].
Confinements can favor additional modes of collective motions such as chiral oscillations [61, 63].
They result from restrictions that the confinement imposes on collective motion.

While the static properties of active solids with alignment interaction have been studied [66], the
dynamical ones are still under development. Previous works focused on finite-sized systems [61, 63,
64]. In addition, it is reported that oscillations accompanied by entropy production arise when a solid
state is formed by the accumulation of active Brownian particles [67, 88, 89]. Since solid states are
formed by a variety of active particles [90, 91], a general analysis is desirable.

In our work, we analytically evaluate the dynamical properties of bulk systems in an orientationally
ordered, collectively migrating state. To this end, the spectra of fluctuations are calculated analytically.
In addition, we analytically evaluate an expression for the rate of entropy production that follows from

the conventional path-integral theory [92]. In this context, continuous energy dissipation is one of the
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prominent characteristics of active matter, accompanied by a positive rate of entropy production [16,
93]. The rate of entropy production is useful for quantifying how far away from the equilibrium the
states are. It appears that the coupling between self-propulsion and self-alignment of the migrating,
elastically coupled objects introduces additional excitations that are absent in a corresponding passive
system and accompanied by additional entropy production. Numerical simulations are performed for

verification.

1.6 Structure of the thesis

In this study, we investigate active nematic liquid crystals and active solids.

For active nematic liquid crystals, we examine the effects of a uniform electric field (Chap. 2) and
a quenched random field (Chap. 3) through numerical simulations.

For active solids, we focus on a dynamically steady state where the directions of self-propulsion of
all constitutive particles are aligned in one direction, causing the solid to undergo translational motion
(Chap. 4). The properties of this state are characterized by fluctuation spectra and the rate of entropy
production.

Finally, in Chap. 5, we provide a summary of the study.
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Chapter 2

Active nematics under an electric field

The content of this chapter is adapted from Ref. [68] (Y. Kinoshita and N. Uchida, “Flow patterns and
defect dynamics of active nematic liquid crystals under an electric field”, Phys. Rev. E 108, 014605
(2023)) © (2023) American Physical Society.

The effects of an electric field on the flow patterns and defect dynamics of two-dimensional
active nematic liquid crystals are numerically investigated. We found that field-induced director
reorientation causes anisotropic active turbulence characterized by enhanced flow perpendicular to the
electric field. The average flow speed and its anisotropy are maximized at an intermediate field strength.
Topological defects in the anisotropic active turbulence are localized and show characteristic dynamics
with simultaneous creation of two pairs of defects. A laning state characterized by stripe domains
with alternating flow directions is found at a larger field strength near the transition to the uniformly
aligned state. We obtained periodic oscillations between the laning state and active turbulence, which
resembles an experimental observation of active nematics subject to anisotropic friction.

The rest of this chapter is structured as follows. In Sec. 2.1, we present the theoretical models and
conduct the linear stability analysis of a uniformly aligned state. In Sec. 2.2, numerical results are
presented, and emergent patterns are distinguished with several aspects. In Sec. 2.3, we discuss the

remarks and compare the parameters with the experiment of a microtubule-kinesin suspension.

2.1 Model
2.1.1 Equations

We consider a uniaxial active nematic liquid crystal in two dimensions. The orientational order
is described by the symmetric and traceless tensor Q;; = § (n,-n = %6,- j), where S is the scalar
order parameter and n = (cos 6, sin ) is the director. The dynamical equations are written in the

dimensionless form [17]

(a,+v-V)v=iV2v—vp+v-a, 2.1)
Re -

V-v=0, (2.2)

(0 +v-V)Q=5u+Q w-w-Q+y 'H. (2.3)

Here, v is the normalized flow velocity, p is the pressure and o is the stress tensor. The flow

properties are characterized by the Reynolds number Re, the flow alignment parameter A, and the
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rotational viscosity y, and u;; = (9;v; +0;v;)/2 and w;; = (0;v; — d;v;)/2 are the symmetric and
antisymmetric parts of velocity gradient tensor, respectively. Hereafter we call w = wy, the vorticity.
We assume 0 < A < 1; a positive value of A corresponds to rod-like or filamentous material and |1| < 1
means that there is no stable director orientation in a uniform shear flow (flow-tumbling regime) [30,
41]. The molecular field H;; is defined as the symmetric and traceless part of —6F/6Q;;, and is

obtained from the Landau-de Gennes free energy [30]

F = / fd?r, (2.4)

K

f=%\Tr(g:g)+%(Tr(g:g))2+E(Vg)z_%“E.Q.E_ 2.5)

The first two terms of the free energy density control the magnitude of the scalar order parameter S,
the third term is the Frank elastic energy under the one-constant approximation, and the fourth term
describes the coupling to the electric field. Here, we dropped the term proportional to Tr 23 contained
in the standard expression of the Landau de Gennes free energy, because it identically vanishes for
the two-dimensional nematic order parameter. We assume positive dielectric anisotropy (¢, > 0) so
that the director tends to align parallel to the electric field, mimicking the response of an individual

microtubule [71, 73]. The molecular field is obtained as

H,, = - (ZA + csz) O, +2KV20, ., + %“ (E)% - Eg) . (2.6)

Hyy = — (2A + CSZ) Oy +2KV2Q, 0y + £, ExE,. 2.7
The stress tensor is the sum of the passive stress
ge:_/lsﬂ.i_g.ﬂ_ﬂ.g’ 2.8)

and the active stress

o' =-aQ. (2.9)

We assume that the activity parameter « is positive, which corresponds to an extensile system.

2.1.2 Linear stability analysis

In the absence of an electric field, the model exhibits macroscopically isotropic active turbulence.
Because we assumed positive dielectric anisotropy, the electric field is expected to align the director
and stabilize a uniform ordered state if the field is sufficiently strong. We conducted a linear stability
analysis of the uniformly aligned state to find the threshold electric field and analyzed the onset of
instability. We assume a uniform electric field along the x-axis (E = Ee,). We also assume that the
system is far from the nematic-isotropic transition point and that the scalar order parameter is given
by the equilibrium value Sg, which satisfies

~So (A + %Sﬁ) + %"E2 - 0. (2.10)
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In the unperturbed quiescent state, the director is aligned along the x-axis so that

S
vo =0, Qxx,0=70, Qxy0 =0, @2.11)

where the subscript 0 means the unperturbed state. We consider perturbations to the flow velocity ov

and the director angle 66, which gives the variations of the order parameter
So
0Q0xx = E[cos(ZéQ) -1] =0, (2.12)
So .
0Qxy = > sin(266) =~ Sp66. (2.13)

Assuming the time dependence proportional to e '?, where w is the complex frequency, we

expand the director angle and flow velocity in the Fourier modes as

o(r,t) = /d2k 50kl kr-wt) (2.14)

1
(2m)

o(r,t) = / Ak sv*elkr—wn) (2.15)

1
(2m)?
where k = (ky, ky) = (k cos ¢, k sin ¢) is the wavevector. Because § = 0 and v = 0 in the unperturbed
state, we consider only the modes with nonzero wavevectors. Similarly, we expand Q;;, H;;, oy; and
p in the Fourier space and then to the first order of 56% and 6vk. From Eqgs.(2.12,2.13), we have
60k~ 0and 6Q’;y ~ So60*. The molecular field vanishes in the unperturbed state: H; 0 =0. Its

variations are read from Eqs.(2.6,2.7) as SH* . o 6Q% ~ 0 and
SHE, ~ [— (2A +CS(2)) - Kkz] 50, ~ -Dso, (2.16)
where we introduced the abbreviation
D = D(k) = e,E* +2KSok> (2.17)
and used Eq.(2.10). For the stress tensor, we readily obtain 60y = =007y = —ASg0Hxx — @60 xx = 0,

Sk, = (1-1)SesHE, - @60k,

= [(A-1)D - @] Sos6*, (2.18)
and

ook, = —(1+)SodHY, — 260k

= [(A+1)D - a] Sp66*. (2.19)
The equation of motion (2.1) is linearized as

k2
~iwsvk = —R—av{.‘ —ik;op* +ik o0 (2.20)
€
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Summation over repeated indices (i, j = x, y) is assumed here and hereafter. The pressure in (2.20) is

determined by the incompressibility condition (2.2), or equivalently k - §v* = 0, as
op* = kikjocf, 2.21)

where we introduced k = k/|k| = (ky, k y) = (cos ¢,sin¢). The incompressibility condition allows

us to express the velocity by the perpendicular component
oW = —kyovk + keovh (2.22)

as

6% = (6vK, 0k) = oV& (<ky. ko). (2.23)
Rewriting (2.20) in terms of 6v’i and substituting (2.18,2.19), we get
P < R .
—wov| = _ﬁ(;‘u —ik (kiéo‘fy - k)zcéa';‘x)
ok (22 k
= —covk —ik [(ky - kx) (AD - a) - D] So56%. (2.24)

On the other hand, the dynamical equation (2.3) for the order parameter is linearized as

A1 1-1 I
—iwS006¥ = S, ( —ikaovE + Tikyavﬁ) - Dot
Al A=T\ e 1o
— kS (Tkx - Tky) ovk = Doy (2225)

with the aid of Eqgs.(2.13,2.16,2.17,2.23). Egs.(2.24,2.25) are written in the matrix form

k k
—iw (‘;;,%) =M (‘;g,t) (2.26)
with ,
—{g—e ikSo [(Acos2¢ + 1) D — a cos 2]
M= - deos2g b . (2.27)
2 ¥So

A straightforward calculation gives the eigenvalues —iw’; of M, and the stability condition is obtained
as ImwX < 0 for any k; see Appendix A for details. We identified the most unstable mode that
maximizes the linear growth rate Imw®/ (j = 1,2) for given @ and E. For a given angle ¢ of
the wavevector, the mode in the long-wavelength limit (k — 0) is most unstable, which is trivial
since Frank elasticity suppresses deformation. For a given wavenumber k, the mode with the ¢ = 0
is most unstable in the range 0 < 1 < 1 assumed in this paper. This is in accordance with the
general observation on extensile (or "pusher"-type) active matter that the active stress induces bend
deformation of the axis of alignment [39, 94], which is interpreted as a buckling instability of the
filaments [95]. The stability condition is given by

2
S
ySyRe

B
a<acz(/l+1+/l+])saE2, B= (2.28)
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Note that B weakly depends on E via the cubic equation (2.10) for Sy, and the analytical expression of

a. = a.(E) becomes voluminous. For numerical analysis, we choose the parameter values

A=-0.15,C=04,K=05,¢g,=1, (2.29)

A=0.1, Re=0.1, y = 10. (2.30)

We varied the field strength in the range 0 < E < 0.3. The stability threshold is given by a. = 0.1 for
E ~0.175 and a. = 0.2 for E ~ (0.255, for example.

most unstable wavenumber

stable

0.3
0.2
i 02
S =
0.1 F
i 0.1
0.0 k 0.0
00 01 02 03 04
e

Figure 2.1: Results of the linear stability analysis for a uniformly aligned state. Contour lines for the
most unstable wavenumber |k| = 0,0.1,0.2,0.3 are shown in solid lines. The stability threshold
coincides with the contour line for k£ = 0. For a given value of |k|, the direction of the most unstable
wavevector is parallel to the unperturbed director. The result of numerical simulations is shown by
circles (squares) where the uniformly aligned state is stable (unstable).

In Fig.2.1, we plot the magnitude of the most unstable wavenumber as a function of @ and E. The
region |k| = 0 is identical with the linearly stable region. The contour line for |k| = 0 means the
stability threshold and starts from the origin (a, E) = (0, 0). The most unstable wavenumber increases

as « increases or E decreases.

2.2 Numerical Results
2.2.1 Method and parameters

We numerically solved the equations Eqs.(2.1,2.2,2.3) on a square lattice with the fourth-order Runge—
Kutta method. The incompressibility condition is handled by the simplified MAC method on a
staggered lattice [96]. The main sublattice is used for 2 (r,t) and the auxiliary field variables p, o,
u, w and H, and the other two are assigned to v, (r, ) and v, (r, ). The calculation is performed on
a Ny x N, lattice with the grid size Ax = Ay = 2 and the periodic boundary conditions, with the step
time increment At = 0.01. We used the Fast Fourier Transform to solve the Laplace equation for the
pressure at each time step. The parameter values used in the simulation are given in Eqs.(2.29,2.30).
The system size is fixed to Ny = N, = 128 so that L = NyAx = NyAy = 256. In a equilibrium state

that minimizes the Landau-de Gennes free energy with E = 0, the scalar order parameter is given
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by So = \/W =~ (.87 and the defect core radius is & = \/m ~ 1.83. We varied the activity
parameter a and the electric field strength E. For the initial conditions, we set the velocity to zero
and assumed small random fluctuations around zero for @ (r,0), assuming a quench from the isotropic
quiescent state. We observed the total kinetic energy as a function of time to confirm that the system
reached dynamical steady states, typically by r = 10000 for active turbulence states. We calculated
statistical data over the time window ¢y < t < to + 20000 after the system reached the dynamical steady

state (7o is varied depending on the parameter).

2.2.2 Spatiotemporal patterns and flow anisotropy
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Figure 2.2: Snapshots of the director angle 6(x, y) (top row) and the vorticity w(x, y) with the
velocity field shown by arrows (bottom row) in the dynamical steady states for @ = 0.2. (a),(f)
Isotropic active turbulence (E = 0). (b),(g) Anisotropic active turbulence (E = 0.2). We find a
periodic switching between (c),(h) anisotropic turbulence and (d),(i) a laning state (E = 0.24). (e), (j)
A steady laning state (E = 0.25).

In Fig.2.2, we show the snapshots of the director angle 6(r, ¢) and the vorticity w(r, t) in the dynamical
steady states for @ = 0.2. For E = 0, we obtain active turbulence containing topological defects and
vortices that are macroscopicaly isotropic [Fig.2.2(a)(f)]. For E = 0.2, the director is tilted toward
the electric field and forms anisotropic active turbulence with fewer defects and vortices compared
to the zero-field case [Fig.2.2(b)(g)]. For E = 0.24, we observe a periodical switching between the
anisotropic turbulence [Fig.2.2(c)(h)] and a laning state with bidirectional flow [Fig.2.2(d)(i)]. A
steady laning state is obtained at E = 0.25 [Fig.2.2(e)(j)]. For E > 0.26, uniformly aligned state is
obtained (not shown). In Fig.2.1, we plot the parameter sets where uniformly aligned states are stable

(unstable) by circles (squares), which agree with the result of the linear stability analysis.
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Figure 2.3: Time development of (a) the mean square velocity (v?) and (b) the order parameter
component {(Q ). (c) Trajectory in the (Q . )-(v?) plane for E = 0.24. Time evolution takes place
in the anticlockwise direction. The data are for @ = 0.2.

In Fig.2.3(a)(b), we show time evolution of the mean square velocity {|v?|) and the order parameter
component (Q ), respectively, for a specific sample (initial condition), where the average is taken over
space. Compared to the isotropic active turbulence at E = 0, the anisotropic turbulence at E = 0.23
has a longer incubation time for the velocity to grow, and has larger mean value and fluctuations in the
dynamical steady state. At E = 0.24, we find periodic oscillations between the anisotropic turbulence
and laning state. The active flow velocity reaches a plateau by ¢ = 50 x 10°, which corresponds to
the laning state. Then the velocity rapidly decreases as the lane collapses and emits multiple pairs
of defects. The defects slowly annihilate, leaving a lane behind. This cycle is repeated until the end
of the simulation, with the period 7 =~ 7 x 103. The laning state for E = 0.25 has a larger steady
state value of the mean square velocity than the isotropic turbulence. Under the electric field, the
degree of alignment (Q ) has negative correlation with the velocity, which is most clearly seen in the
oscillations for E = 0.24. In Fig.2.3(c), we show time-evolution of the system in the (Q ) — {|v?])
plane. The system makes an anticlockwise cycle in the plane, with the slow phase characterized by a
larger velocity magnitude than the rapid phase. Because the slow phase involves straightening of lanes

it is natural that it generates stronger flow than the rapid phase where flow is turbulent and slow.
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Figure 2.4: (a) Total flux J + J,, (b) anisotropy of flux J, — Jy, and (c) defect density pgefect Versus
the field strength E. The data are for @ = 0.2.

To characterize the orientation of flow, we define J, = v/(v2) and J, = , /(v:‘;), where the average

is taken over time and 10 independent samples. In Fig.2.4(a)(b), we plot the sum Jy +J, and difference

Jy — Jx as functions of E. As E is increased, the sum J, + J, shows a slow decline for E < 0.20

and then a sharp peak at E = 0.23, which corresponds to the anisotropic active turbulence. It rapidly

decreases to zero as the electric field is further increased. The flow anisotropy characterized by J,, — J

increases as E is increased and also has a peak at E = 0.23. In Fig.2.4(c), we plot the number density

of topological defects, which maintains a large value for £ < 0.1 and then rapidly decreases as a

function of E.
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2.2.3 Distributions and correlation functions
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Figure 2.5: Normalized probability distribution functions of (a) the director angle 6 and (b) the
vorticity w, both for @ = 0.2. In (a), the data for E = 0.25 are scaled by the right vertical axis. The
inset of (a) shows comparison with the theoretical line for the sinusoidal undulation,

£(8) =1/[x(63 - 6%)'] (18] < 8o, dotted lines).

In Fig.2.5, we show the probability distribution functions (PDFs) of the director angle and vorticity
for @ = 0.2 calculated from an ensemble of 10 samples. The PDF of the director angle [Fig.2.5(a)]
has a single peak at 6 = 0 for 0 < E < 0.20, with its height increasing with E. The peak splits into
two at £ = 0.23, which is interpreted as a precursor of the laning state. At E = 0.24, the PDF has
four peaks resulting from coexistence of narrow and wide lanes. Depending on the initial condition,
we obtained either narrow lanes with the period equal to L/2, or wide lanes with the period equal to
the system size (L). Each type of lanes sporadically collapse into a defected state and recover, but

do not interchange with each other. We find narrow lanes in 4 out of the 10 samples, and wide lanes
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in 6 samples. The wide lanes contribute to the two higher peaks of the distribution function at larger
values of |6, and narrow lanes contribute to the lower peaks. The steady laning state at E = 0.25 has
two sharp peaks at |6| = 6y ~ m/8 with no tails. The peak position is closer to § = 0 than the case
E = 0.24, which means that the undulation is suppressed by the electric field. Note that the PDF for
a sinusoidal undulation 6(x) = 6 sin kx is proportional to |dx/df)| (6’% —-6%)712 for 0] < 6 and is
zero for |6| > 0y (see Appendix B for derivation). In the inset of Fig.2.5(a), we see that the formula
gives a good approximation of the PDF for E = 0.25, with the minimum at § = O slightly lower than
the theoretical value. The PDF for the vorticity [Fig.2.5(b)] is nearly Gaussian for £ = 0, while a small
deviation (fat tail) appears at E = 0.20 and then the peak splits into two at E = 0.23. The distribution

gets narrower tails as E is further increased to £ = 0.25.
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Figure 2.6: Spatial correlation functions of the director at (a) £ = 0 and (b) E = 0.2, both for

a = 0.2. Spatial correlation functions along the x-axis for (c) the director angle and (d) the vorticity.
(e) Cy(x,0) for E = 0.24, for narrow lanes (4 samples), wide lanes (6 samples) and the ensemble
average.
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In Fig.2.6, we plot the spatial correlation functions for the director angle and vorticity, which are
defined by
O(r+r,1)0(r', 1))

Colr) = =400

2.31)

and
_Aw(r+r',Hw(r' 1))
Col) =0y

respectively, where (- - -) indicates averages over r’ and ¢, and 10 independent samples. The angular

(2.32)

correlation function for E = 0 are isotropic as shown in Fig.2.6(a). Under an electric field (E = 0.2),
the correlation functions develop anisotropic structures with peaks elongated in the y-direction and
valleys in the x-direction, as seen in Fig.2.6(b). The correlation profiles along the line y = 0 are shown
in Fig.2.6(c)(d). Because Cy(x) = Cy(x,0) and C,,(x) = C,(x,0) show very similar behaviors,
except that the latter shows a slightly non-monotonic decay for E = 0, we focus on the former. The
anisotropic turbulence for E = 0.2 is characterized by a shallow minimum at x =~ 40. For E = 0.23, we
observe irregular temporal fluctuations between a wide lane and a turbulent state, which is reflected in
the fluctuations of the velocity and order parameter [Fig. 2.3(a)(b)]. Since the correlation function for
the turbulent state has a shallow minimum. the minimum of the time-averaged correlation function is
dominantly determined by that of the wide lane. This explains the minimum of Cy(x) at x ~ L for
E = 0.23. For E = 0.24, the minimum of Cg(x) is located at a shorter distance (x ~ 80) compared
to those for £ = 0.23 and 0.25. This is explained by coexistence of narrow and wide lanes mentioned
in the previous paragraph. In Fig.2.6(c), we show the correlation functions for the subsets of samples
with narrow and wide lanes, and the ensemble average. We see that the average of the correlation
functions for narrow and wide lanes gives a shallow minimum at a distance between L/2 and L.

Finally, for E = 0.25, we find only a wide lane, which gives the deep minimum of Cy(x) at x = L.
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2.2.4 Defect dynamics
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Figure 2.7: (a)-(f) Snapshots of the defects creation and annihilation process at @ = 0.2 and

E =0.23; (a) the director has small tilt angle in the center region; (b) an island of large tilt angle
appears; (c) further rotation of the director inside the island; (d) the island breaks up into two
crescent-like shapes and two pairs of defects are created; (e) the crescent-shape regions shrink; (f)
defects annihilate by collision. (g)-(i) Schematic pictures of the defect creation process; (g) a straight
lane undergoes a buckling instability and form the oppositely tilted regions A and B. The active flow
along the lane boundary (arrows) generates a torque that enhances the clockwise tilt in A, while it
suppresses the anti-clockwise tilt in B. (h) The resultant deformation of the director field induces
further rotation in the center region; (i) Bend deformation in the top and bottom regions (solid lines)
and splay deformation on the left and right hand sides (dotted lines). The former is transformed to
splay deformation by creating two pairs of defects.

In the anisotropic turbulence state, we observe characteristic dynamics of topological defects. A
typical time series of defect creation and annihilation is shown in Fig.2.7. Starting from a weakly
deformed director configuration [Fig.2.7(a)], flow-induced instability generates an island of large tilt
angle [Fig.2.7(b)]. Large curvature of the director field further enhances rotation of the director in the
island [Fig.2.7(c)], and two pairs of +1/2 defects are created at the periphery of the island [Fig.2.7(d)].
The island is broken by creation of defects into two parts of crescent-shape with a pair of defects at
their ends. As they shrink, the defects approach each other and annihilate by collision [Fig.2.7(e)(f)].
To illustrate the mechanism of defect creation, we show schematic pictures of the lanes and director
field in Fig.2.7(g)(h)(i). An initially straight lane undergoes a buckling instability due to the active
stress along the lane boundary, forming oppositely tilted regions shown as A and B in Fig.2.7(g). The
director in A and B are tilted clockwise and anticlockwise, respectively. On the other hand, the active
flow at the lane boundaries (arrows) generates a clockwise hydrodynamic torque at the center of the
lane, and enhances (suppresses) the tilt in the region A (B). It causes a rotation of the director in the
center of A, forming the patterns in Fig.2.7(b)(h). The deformation generates active flow shown by the
thick arrow in Fig.2.7(h) and further rotates the director field. as in Fig.2.7(i), where bend deformation
is found in the encircled regions in the top and bottom (solid lines), while splay deformation is found
on the left and right hand side (dotted lines). Then, following the scenario of defect creation [42],
bend deformation is transformed to splay deformation by creating a pair of defects at each of the top

and bottom regions.
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2.3 Discussion

We studied the effects of an electric field on the flow and defect patterns of active nematics in
two dimensions. The anisotropic active turbulence under an electric field is characterized by flow
anisotropy. The magnitude and degree of anisotropy of the flow are both maximized at an intermediate
field strength. The decrease of defects with increased field strength is in agreement with the previous
numerical result for three-dimensional active nematics [45]. We find that vortices are localized in
the anisotropic active turbulence, which is reflected in the long tail in the probability distribution of
vorticity. As each localized vortex is isolated, topological defects are created and annihilated in each
vortex region. This is in contrast with the isotropic active turbulence state where defects are created at
walls and move along them [42].

A strong electric field stabilizes the uniform aligned state, and we determined the threshold by a
linear stability analysis. The most unstable wavevector is parallel to the unperturbed director along
the electric field, which corresponds to a bend deformation. This is interpreted as a buckling of
the director or the filament due to the extensile active stress [39, 94, 95]. In the three-dimensional
numerical simulation [45], the electric field induced a direct transition between active turbulence and
uniformly aligned states. The transition threshold was estimated in the unit of Ey = \/Wafz) as
E./Eq ~ 0.7 for the activity strength o = 0.13(K/&2), where the notations are translated to those of
our model and ¢ is the correlation length for a passive nematic. Using the expression & = \/m
for our two-dimensional model, the threshold field strength obtained by the linear stability analysis
reads E./Ey =~ 0.19 for the same activity strength @ = 0.13(K /&%) =~ 0.0195. The threshold is
lower than in the previous study, which might be explained by the difference in the flow-aligning
parameter 4. We used A4 = 0.1, which locates our system deep in the flow-tumbling regime, while
the value 4 = 1 assumed in Ref. [45] corresponds to the threshold between the flow-aligning and
tumbling regimes [30]. The smaller value of A in our study means that the active flow induced by a
director undulation has less positive feedback to amplify the deformation, and that it is suppressed by
a weaker electric field. On the other hand, the space dimension would not affect the stability threshold,
because the bend deformation takes place in a plane containing the director and thus is essentially
two-dimensional.

A more significant difference from the previous study [45] is the emergence of the laning state
in two dimensions, which we found between the anisotropic turbulence and uniformly aligned state.
We interpret it as the result of confinement of the director in a plane. The absence of lanes in the
three-dimensional case suggests that a sinusoidal director undulation might be unstable for out-of-
plane deformations, and the secondary instability could set in at the same threshold as the first (linear)
instability. A weakly nonlinear stability analysis of the laning state in three dimensions would be
useful in verifying this picture. We also find a temporal oscillation between the active turbulence
and laning states. A lane undergoes a buckling instability due to the extensile active stress along the
lane boundary. The resultant hydrodynamic torque explains local rotation of the director field and

simultaneous creation of two pairs of defects.
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Experimentally, confinement of the active nematics in a quasi-two channel causes friction between
the fluid and walls. Friction also induces transitions from anisotropic turbulence to a laning state, as
shown both experimentally [60] and numerically [52, 53, 55]. In the experiment [60], anisotropic
friction was realized by a contacting smectic liquid crystal, and a periodic switching between a laning
state and a disordered flow pattern was observed. The oscillatory behavior resembles our finding,
but it should be noted that the laning state in the experiment contains arrays of defects and is not
equivalent to the defectless laning state found in our simulation. In the numerical simulations, laning
states were induced by isotropic [52, 55] or anisotropic [53] friction with a substrate. For isotropic
friction, the lane orientation is selected by spontaneous symmetry breaking in contrast to the present
model. For anisotropic friction, a non-monotonic dependence of the flow anisotropy on the strength of
friction and temporal fluctuations of the lane speed are reported [53], which are qualitatively similar
to our findings. However, it should be stressed that friction in the previous works did not produce
the uniformly aligned state. We showed for the first time that active nematics can exhibit the three
states (active turbulence, laning and uniform states) by tuning a single parameter. If we simultaneously
impose anisotropic friction and an electric field in different orientations, their competition may give
rise to more complex patterns, which we leave for future study.

The present study assumed constant and static dielectric anisotropy. A microtubule (MT) is a
highly negatively charged biopolymer, and has both a permanent dipole moment due to that of tubulin
dimers and an induced dipole moment due to motion of couterions along its long axis [97, 98]. As
a result, MTs are aligned by both AC [73] and DC electric field [69, 71]. In an AC electric field,
MTs obtain high conductivity due to the couterion motion, which plays a key role in determining
their polarization [73]. Electroorientation in a DC electric field is observed for MTs adsorbed onto
a substrate [69] and in kinesin gliding assays [70-72]. Alignment was achieved by field strengths
E < 50 kV/m in the kinesin gliding assays, while the speed of microtubule was unchanged up to 110
kV/m [70] or had no anisotropy due to the field [99], suggesting that steps in the kinesin ATP cycle
are not affected by the electric field [99]. However, surface-coated kinesins hinder the alignment of
MTs depending on their density [71]. Motion of MTs in a suspension is also affected by counterion
convection [73], electro-osmotic, and electro-thermal flow [100]. A recent experimental study on the
response of a dense network of MTs reported accumulation of MT bundles under a pulse electric
field [101]. A microscopic model of an active suspension of microtubules and motors would be useful
in elucidating the dynamic effects of an electric field. In an AC electric field, the intrinsic molecular
polarity of MTs is irrelevant in determining the electric polarity and not sorted by the electric field.
Therefore, it would be legitimate to use the nematic order parameter in describing the alignment.
Also, the timescale of electroorientation of individual MTs (~ 0.1 s) is much larger than the alternating
period of induced electric dipoles [73], while it is smaller than the characteristic timescale of active
vortices (~ 10 s [38]). Therefore, the present model could be straightforwardly generalized to a model
of MT-kinesin suspensions under an AC electric field on a slow timescale, although experimental
knowledge on filament-motor interaction under an AC field is lacking. On the other hand, in a DC

field or a low-frequency AC field, the electric polarity of MTs is determined by the intrinsic polarity
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and their electrophoretic motion could dominate active flow, which is presumably weakened due to
field-induced polarity sorting. The combined effects of confinement [41, 50] and an electric field on

active turbulence are also an interesting topic left for future work.
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Chapter 3

Active nematics with quenched
random field

The content of this chapter is adapted from Ref. [75] (Y. Kinoshita and N. Uchida, “Active nematic
liquid crystals under a quenched random field”, arXiv:2404.08524.).

Coupling between flow and orientation is a central issue in understanding the collective dynamics
of active biofilaments and cells. Active stress generated by motor activity destroy (quasi-)long-range
orientational order and induce chaotic vortex flows. In cellular and subcellular environments, alignment
is also hindered by heterogeneous filamentous structures in extracellular matrix and various organelles
in a cell. Here we address the effects of a quenched random field on the flow patterns and orientational
order in two-dimensional active nematic liquid crystals. We found that the director dynamics is frozen
above a critical disorder strength. For sufficiently strong randomness, the orientational correlation
function decays exponentially with the distance, reproducing the behavior of passive random-field
nematics. In contrast, the flow velocity decreases only gradually as the randomness is increased, and
develops a logarithmic spatial correlation for strong disorder. The threshold between the activity- and
disorder-dominated regimes is specified and its dependence on the activity parameter is discussed.

This chapter is structured as follows: in Sec. 3.1, the theoretical models are presented, and effective
disorder parameters are introduced. In Sec. 3.2, an analytical calculation of spatial correlation in a
disordered state is conducted. In Sec. 3.3, the conditions for numerical calculations are provided. in
Sec. 3.4, the change of patterns as the increase of the field strength is explained. in Sec. 3.5, the

correlation functions are shown. Section 3.6 is devoted to conclusions and perspectives.

3.1 Model

The orientational order of a two-dimensional nematic liquid crystal is described by the symmetric and
traceless tensor Q;; = S (ninj - %6,7), where S is the scalar order parameter and n = (cos 6, sin 6) is

the director. The dynamical equations of active nematics in the dimensionless form read [17]
1 o2
(6,+v~V)v:§V v-Vp+V.o 3.1

and

(0, +v-V)Q=25u+Q -w-w-Q+y 'H. (3.2)
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Here, v is the normalized flow velocity which satisfies the incompressibility condition V - v = 0,
p is the pressure and o is the stress tensor. The flow properties are characterized by the Reynolds
number Re, the flow alignment parameter A, and the rotational viscosity y, and u;; = (0;v; +0,v;)/2
and ®;; = (0;v; — d;v;)/2 are the symmetric and antisymmetric parts of velocity gradient tensor,
respectively. Hereafter we call w = wyy the vorticity. We assume 0 < 4 < 1; a positive value of 4
corresponds to elongated or rod-like elements and |1| < 1 to the flow-tumbling regime where no stable
director orientation exists in a uniform shear flow [30, 41]. The molecular field H;; is the symmetric

and traceless part of —~6F/6Q;;, and is obtained from the Landau-de Gennes free energy [30]

F= [ e (33)
f=%Tr(g:g)+§(Tr(g:g))2+§(vg)2_%E.Q.E' (3.4)

The first two terms of the free energy density control the magnitude of the scalar order parameter S.
Note that the term proportional to Tr @ identically vanishes for the two-dimensional nematic order
parameter. The third term is the Frank elastic energy under the one-constant approximation, and the

fourth term describes the coupling to the quenched random field E. The molecular field is obtained as

Hyy=— (2A + cs2) O.x +2KV20, .\ + % (E§ - Eg) . (3.5)
Hyy = (2A + cs2) Oy +2KV2Qy + ELEy. (3.6)
The stress tensor is the sum of the passive stress
o°=-ASH+Q H-H-Q. 3.7)
and the active stress
ot = —aQ. (3.8)

We assume an extensile active stress and hence the activity parameter « is positive.

We model the quenched random field to be of the form
E = Epe(r) (3.9)

where e(r) = (cos0,,sinf,) is a random unit vector with its angle 6, being a uniformly random
number in [0, 27r). We implement the random field on a square lattice with the grid size &, and choose

the angle 6, randomly at each grid point. Therefore, it satisfies
, 1
(e(r)e(r’)) = L6, (3.10)

where ¢, , is the Kronecker delta for a lattice. For continuum description at a typical lengthscale

much larger than &,, it is convenient to replace it with the expression
’ 1 2 ’
(e(rje(r’)) = &6(r—r'). (.11

Note that both expressions give £2 over the grid containing r = r’. We will call &, the correlation
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length of the random field. The contributions of the random field and Frank elasticity to the free energy
are estimated as E(Z)SO and K Sé /1%, respectively, where S is the typical magnitude of the scalar order
parameter and /g is the correlation length of Q. The orientational correlation length becomes smaller
for a stronger random field, and its lower bound is given by [p ~ &.. Therefore, we define the effective

disorder strength as

EZé_-Z
0Se
—. 3.12
KSo (3.12)

Dk =
On the other hand, the contributions to the molecular field by the random field and the active stress
are estimated as ES and a, respectively. Thus we are led to the other definition of the dimensionless

disorder strength,

D, =0 (3.13)

3.2 Disorder-dominated regime

In the disorder dominated regime with Dg > 1 and D, > 1, the director will align with the local
director and get frozen. In this case, we have approximately n(r) = e(r), H = 0 and g°® = 0
in the stationary state, and the Frank elastic term in the molecular field is negligible. Thus, from

Eqgs.(3.5),(3.6), the scalar order parameter satisfies
_s (2A+C52) +E2 =0, (3.14)
the solution of which is identified with Sy. The nematic order parameter is given by

g(r,t) =350 [e(r)e(r) - %!] . (3.15)

Since the molecular field is balanced and vanishes in the steady state, the flow velocity is determined
solely by the active stress. For Re < 1, the velocity field is obtained by dropping the terms on the left
hand side of Eq.(3.1) as

0= Riev2v—vp+v-ga. (3.16)
Solving (3.16) under the incompressibility condition and with (3.8), we obtain the velocity field in the

Fourier representation,

1-kk
k = — = . \ik - k
vk = —aRe = - (ik - @"). (3.17)

which gives the velocity structure factor
2
=00 = ()

R T

The correlation function of the nematic order parameter reads from Eqgs.(3.11,3.15) as

~

k-

av

1
(Qij(rQim(r')) = 15353 (8:16 jm + Simd j1) 5(r = 1), (3.19)
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and accordingly
1
<Q{FjQ1n’j > = 15362 (6udm+ 6imd) (3.20)

Substituting this into Eq.(3.18), we obtain

(a’ReS0§e)2

2V(k) = 4k2

(3.21)

The velocity correlation function in the real space is given by the inverse Fourier transform of X, (k)

as

_ (aReSpé,)

2
w(r)-v(r)) = o In|r—7r'|. (3.22)
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Figure 3.1: Snapshots of the director angle 6(x, y) in the first column and velocity v (x, y) (color
map: magnitude, black arrows: vector field) in the second column, for the activity @ = 0.2 and the
field strength (a)(b) E¢ = 0, (c)(d) Eg = 0.4, and (e)(f) Eo = 0.7.
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Figure 3.2: Mean square of the time-derivative of Q;; and flow velocity v for @ = 0.2. (a),(b) Time
evolution for a single sample, for £y = 0.0, 0.4,0.7. (c),(d) Averages over time and 8 samples plotted
versus the field strength Eg and for @ = 0.2,0.1, —0.1, —0.2. Error bars show the standard deviation.
Insets: semi-log plots.
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Figure 3.3: Correlation functions for («, Ey) = (-0.2,0.0),(0.2,0.0), (0.2,0.4), and (0.2,0.7). (a)
Orientational correlation function Co(r) (inset: semi-log plots). The dashed lines show the
exponential function exp(—r/rg) with rg = 2.5. (b) Velocity correlation function. The dashed line
shows the logarithmic function —A In(r/r,) with A = 0.25 and r,, = 171.
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Figure 3.4: (a) The orientational correlation length /o and (b) velocity correlation length /,, as
functions of Ey. (c) The ratio [, /lp versus Ey.

3.3 Numerical simulation

We solved Eqs.(3.1,3.2) numerically on a square lattice with the fourth-order Runge—Kutta method.
The incompressibility condition is handled by the simplified MAC method on a staggered lattice [96].
The main sublattice is used for the field variables g , D, 0, u, wand H, and the other two sublattices
are assigned to v, and v,. The calculation is performed on a Ny X N, lattice with the grid size
Ax = Ay = 2 and the step time increment Ar = 0.01. We assumed periodic boundary conditions and
used Fast Fourier Transform to solve the Laplace equation for the pressure at each time step. For the

numerical analysis, we used the parameter values

A=-0.16,C=0.89, K =1, (3.23)

A=0.1, Re=0.1, y = 10. (3.24)

We varied the activity parameter @ from —0.2 to 0.2 to study both extensile and contractile systems.
The direction e(r) of the random field is randomly chosen at each grid point, which means &, = 2.
The field strength is varied in the range 0 < Ep < 0.7. The scalar order parameter in the passive
(@ = 0) and stationary system is obtained from Eq.(3.14) as So =~ 0.60 for Ey = O and increases
with Ey. We confirmed that S does not increase above unity for the strongest random field studied

(Eog = 0.7). The defect core radius is given by & = \/K/|A| =~ 2.5. The balance between the activity
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and Frank elasticity defines the lengthscale [, = \/W , which reads [/, ~ 2.2 for || = 0.2 and
lo = 3.2 for || =0.1. The system size is fixed to Ny = Ny = 256 so that L = N Ax = NyAy = 512.
For the initial conditions, we set the velocity to zero and assumed small random fluctuations around
zero for @ (r,0), assuming a quench from the isotropic quiescent state. To be precise, the scalar
order parameter and the director angle at each grid point are randomly chosen in the ranges [0,0.1]
and [0, 2r], respectively. We observed the total kinetic energy as a function of time to confirm that
the system reached dynamical steady states, typically by + = 10000 for active turbulence states. We
calculated the data over the time window 20000 < ¢ < 40000 with the time interval ty = 100, and took

the ensemble average over 8 independent samples.

3.4 Spatial patterns and orientational freezing

In Fig. 3.1, we show the snapshots of the director angle 6(r, r) and the vorticity w(r, ) in the dynamical
steady states for @ = 0.2. For Ey = 0, active turbulence containing topological defects and vortices
are reproduced [Fig.3.1(a)(b)]. For Ey = 0.4, the director pattern becomes jaggy while maintaining
the characteristic large-scale structure of nematic defects. The velocity field is smoother but wiggly
streams appear [Fig.3.1(c)(d)]. For E = 0.7, the director orientation becomes completely random, and
the flow pattern obtains fibrous structures of various size and magnitude [Fig.3.1(e)(f)].

The dynamics slows down as we increase the field strength. In Fig. 3.2, we show the mean square
of the time-derivative of the order parameter Q; ; and flow velocity. The time evolution of these
quantities for 20000 < ¢ < 40000 is shown in Fig. 3.2(a),(b), for = 0.2 fixed and Ey = 0,0.4 and 0.7.
They show large fluctuations around their mean values with a typical timescale ~ 10* for Ey = 0.0.
Both the mean values and fluctuations get smaller as Ej is increased. For Ey = 0.7, (Q'?j) vanishes
while the velocity has a small and constant magnitude. These data justify the use of statistical data
taken over the same time window to be shown in the rest of this paper. In Fig. 3.2(c),(d), we show the
time-averaged values for @ = 0.2, 0.1, —0.1 and —0.2 as functions of E;. We find that the extensile
(e > 0) and contractile (@ < 0) cases behave qualitatively similarly. Quantitatively, the extensile cases
show ~ 10 — 20% larger values than the contractile cases with the same magnitude of ||, for both le .
and v? and for E( < 0.4. For Ey > 0.5, the differences between them become very small. The ratio of
these quantities between @ = 0.2 and @ = 0.1 are about 4 for lej and 3 for vZ at Eg = 0. For @ = 0.2,
lej shows a sharp drop to below 1076 at Ey = 0.44, while a similar drop is observed at a smaller value
of Ey for @ = 0.1; see the semi-log plots in the inset of Fig. 2(c). Hereafter, we will focus on the exten-
sile case @ = 0.2. The director dynamics completely freezes at Ey ~ 0.5. On the other hand, the mean
square velocity decreases only gradually as we increase the randomness. Its decay above Ey = 0.44
is slower than that of the orientational order parameter. For Ey = 0.7, the strongest field we studied,
the mean square velocity still remains at about 6 percent of its value at Ey = 0. Note that the effective
disorder strengths are Dg ~ 0.97 and D, =~ 0.96 for Ey = 0.44, which are both close to unity. There-

fore, it would be reasonable to discriminate the medium and strong disorder regimes at this value of Ej.
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3.5 Spatial correlation functions and correlation lengths

In Fig. 3.3, we show the spatial correlation functions for the orientational order parameter and flow
velocity, which are defined by

Q(r+r'1): Q(r', 1))
Q10

Co(r) = (3.25)

and
_ wr+r',t)-v(r',m)

(', 0?) ’

respectively, where (- - -) indicates averages over r’ and ¢, and 8 independent samples. By symmetry,

Cy(r) (3.26)

the correlation functions are functions of the distance only. We show their profiles along the x-axis
in Fig. 3.3. Confirming again that the extensile case (@ = 0.2) and contractile case (¢ = —0.2) show
similar behaviors for Ey = 0.0, we will focus on the extensile case in the following, and vary the field
strength as Eo = 0.0, 0.4, and 0.7. The orientational correlation function Co(r) is a monotonically
decreasing function with a positive curvature [Fig. 3.3(a)]. For Eg = 0.7, it is fitted by the exponential
function Cg(r) = exp(-r/rg) with rg = 2.5. The semi-logarithmic plot in the inset of Fig. 3.3(a)
shows that the exponential decay also holds for the medium disorder case Ey = 0.4, up to r = 30,
while the decay is faster than exponential for Ey = 0 as seen from the upper-convex curve in the semi-
log plot. Furthermore, for Ey = 0.7, we confirmed that the orientational correlation functions for
—0.2 £ @ < 0.2 closely match with each other; the data are not shown as they are not distinguishable
at the scale of Fig. 3.3(a).

The velocity correlation function decays more slowly than the orientational one, and turns negative
atr ~ L/4 for Ey =0 and at r ~ L/3 for Eg = 0.7 [Fig. 3.3(b)]. It is monotonically decreasing up to
r = 0.5L, but should converge to zero for r — co. The function has a negative curvature in a narrow
range near r = 0, which becomes narrower for a larger field strength. For Ey = 0.7, it is nicely fitted by
the logarithmic function C,,(r) = —AIn(r/r,) with A = 0.25 and r, = 171, in the range 2 < r < r,.
In addition, for the system size L = 256 system, we found that the same fitting gives r,, = 78, which
suggests that r, is determined by and proportional to system size.

We define the correlation lengths [y and [, by Co(lp)=1/2 and C, (l,)) = 1/2, respectively. They
are plotted in Fig. 3.4(a)(b) as functions of the field strength. The orientational correlation length
shows a rapid decay between Ey = 0.2 and 0.5. The decay of the velocity correlation length is slower,
and shows large fluctuations in the transition region 0.3 < Eg < 0.5 due to sample dependence. The

ratio [,,/lp plotted in Fig. 3.4(c) increases to 13 at Eg = 0.7 from 2.8 at £y = 0.

3.6 Discussion

We found a marked contrast between the orientational and flow properties, which are summarized as
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follows: (i) Dynamics of the orientational order parameter is completely frozen at and above a critical
random field strength, while the flow velocity only gradually decreases as the randomness is increased
and remains finite in the strong disorder limit. (ii) The spatial correlation of the orientational order
parameter is short-ranged and exhibits exponential decay for strong disorder, while the flow velocity
has a long-range correlation with a logarithmic decay for strong disorder. We have also compared the
extensile and contractile systems, and found only a small difference between the two if the magnitude
of activity || is the same. The difference becomes negligible for strong disorder.

The exponential decay of the orientational correlation function Cg (7) in the strong disorder regimes
[Fig. 3.3(a)] is in agreement with the previous result on 2D random-field nematics [83]. This suggests
that the director texture is determined by balance between the random field and Frank elasticity, and
is little affected by the active flow. This is supported by the fact that Co (7) for —0.2 < @ < 0.2 are not
indistinguishable from each other for Ey = 0.7. Earlier studies on the random-field XY model found
correlation decay faster than exponential in two dimensions [102, 103]. The difference is attributed
to the different symmetry of random anisotropy in nematics and the XY model [83]. Without the
randomness, the orientational correlation function decays faster than exponential as seen in Fig. 3.3(a).
In this case, the correlation functions are characterized by the vortex size [47], and the velocity
correlation function C, (r) has a negative curvature at short distances, as seen in Fig. 3.3(b) and in
agreement with the analytical result [47]. As we increase the random field, the range with a negative
curvature shrinks and the velocity correlation function is better approximated by the logarithmic
function. This is in agreement with the analytical result for the strong disorder [Eq.(3.22)], and reflects
the structure of the Green function of the Stokes equation in two dimensions. In three dimensions,
the velocity correlation function should decay as 1/r in the strong disorder limit. Note also that the
effective disorder strengths are Dg ~ 2.0 and D, =~ 2.5 for Ey = 0.7 and @ = 0.2, and are not large
enough to ensure the constantness of the scalar order parameter. However, the orientational correlation
length ro = 2.5 obtained at the strongest disorder is close to the random field correlation length &,.
The logarithmic function for the velocity correlation also fits to the numerical results with errors within
+6% over the range 4 < r < 110, where C, (r) > 0.1. The error increases to 16% at r = &, = 2 due to
the discreteness of the lattice. These results confirm the validity of the analytical results obtained by
the continuum approximation over a wide distance range.

The dependences of the orientational and velocity correlation lengths on the field strength are
also in marked contrast. For weak disorder, both lengths are proportional to the vortex size and the
ratio [,,/lp is small. For strong disorder, the velocity correlation decays monotonically even when
the orientational correlation length is converging to constant, and thus /,,/lp diverges in the strong
disorder limit. The slowing down of the increase of /, /o in the strong disorder regime [Fig. 3.4(b)]
is explained by facts that the /o has a lower bound determined by the defect core size, and that [, has
a upper bound determined by the system size. (Note that /,, cannot exceed L/2 due to the periodic
boundary condition.)

Finally, we consider the competition between the active flow and random field. The flow-aligning

effect on the nematic order parameter is represented by the term ASu in Eq. (3.2), the magnitude of
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which is estimated as ASgv,ms/[,. The contribution of the random field in the term y‘l H is estimated
as y‘lE(z)So. Averaging it over the area le of an orientationally correlated region, which contains
N ~ (lg/&.)? sites, we get y "' EZSo/VN ~ y~'E2Soé./lo. Thus the ratio between the flow-aligning
and random-field terms is estimated as yAvimslo/ (Egl v&e). In our simulation, this ratio becomes 0.33
for Ey = 0.2 and @ = 0.2, which confirms the observation that the active flow has a minor effect in the
medium (0.2 < Ey < 0.44) and strong (Eo > 0.44) disorder regimes. It is also consistent with the fact
that the mean flow velocity and correlation lengths start to decrease around Ey = 0.2.

In summary, quenched disorder introduces unique twists into the physics of active nematics. For
strong disorder, the director texture is frozen and determined by the balance between the randomness
and Frank elasticity, while active flow with long-range correlation remains and facilitates material
transport. We hope that the present work stimulates experimental studies on the flow properties of

cellular and subcellular systems with orientational order.
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Chapter 4

Active solids with alignment
interaction

The content of this chapter is adapted from [86] (Y. Kinoshita, N. Uchida, and A. M. Menzel,
“Collective excitations in active solids featuring alignment interactions”, The Journal of Chemical

Physics 162, 054906 (2025)), with the permission of AIP Publishing. © (2025) AIP Publishing.

With increasing emphasis on the study of active solids, the features of these classes of nonequilib-
rium systems and materials beyond their mere existence shift into focus. One concept of active solids
addresses them as active, self-propelled units that are elastically linked to each other. The emergence
of orientationally ordered, collectively moving states in such systems has been demonstrated. We
here Y. Kinoshita, N. Uchida, and A. M. Menzel, “Collective excitations in active solids featuring
alignment interactions”, The Journal of Chemical Physics 162, 054906 (2025)analyze the excitability
of such collectively moving elastic states. To this end, we determine corresponding fluctuation spectra.
They indicate that collectively excitable modes exist in the migrating solid. Differences arise when
compared to those of corresponding passive solids. We provide evidence that the modes of excitation
associated with the intrinsic fluctuations are related to corresponding modes of entropy production.
Overall, by our investigation, we hope to stimulate future experimental studies that focus on excitations
in active solids.

The remaining parts are structured as follows. In Sec. 4.1, we introduce the model for active
Brownian objects and the alignment interaction resulting from the action of the connecting elastic
springs. We derive the fluctuation spectrum in the moving state from the linearized equations of
motion in Sec. 4.2. Next, we calculate the rate of entropy production in Sec. 4.3 based on the results
obtained in Sec. 4.2. Afterwards, in Sec. 4.4, we report our results from numerical simulations of the
original equations of motion introduced in Sec. 4.1, which match well with the analytical solutions.

Finally, our conclusions are stated in Sec. 4.5.
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4.1 Theoretical description
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Figure 4.1: Schematic illustration of the system in its undeformed rest state. We impose periodic
boundary conditions at each boundary. Colored objects are connected by springs. White objects are
identical to the ones on the opposite side of the calculation box due to the boundary conditions.

To set up the active elastic solid, we consider N identical active Brownian objects, each of mass m,
pairwise connected by linear springs to form a two-dimensional hexagonal lattice; see Fig 4.1. The
time evolution of the position r;(¢) and velocity v;(¢) of the ith object (i = 1, ..., N) is quantified by

the translational equations of motion

Fi () = vi(1), 4.1

mv;(t) ==, v (1) =V, U({r}) + Foe;

+ \/ZyrkBTrl]i(l). 4.2)

In these expressions, dots mark time derivatives, and vy, is the coefficient of translational friction. 7} is
an effective temperature and k p represents Boltzmann’s constant. U ({r}) includes the overall potential
due to the Hookean springs introduced between neighboring objects in the undeformed ground state
of the lattice. We assume periodic boundary conditions so that each object is permanently linked
by elastic springs to its six surrounding initially nearest neighbors in our two-dimensional hexagonal
lattice. {r} is a short notation for the tuple of all positional vectors r; (i = 1,..., N). In our case, the

potential reads

1 2
U({ry) = 5K > ri-ril-a)”. 4.3)
@.j)
Here, K quantifies the identical elastic stiffness of each spring, @ denotes the natural length of each
spring in the ground state, and (i, j) denotes all pairs of objects permanently linked by springs, without
double-counting. Moreover, each object self-propels with the identical strength of active driving Fy

into the individual direction of the active driving force e; = (cos6;,sin Hi)T, where T marks the

transpose. 6; is an angle in the two-dimensional x-y-plane measured from the x-axis. Finally, 5, (7)
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represents the influence of a Gaussian-distributed white stochastic force. It has zero mean and satisfies
Mia(ONjp(t')) = 6ij0apd(t —t'), a, B € {x,y} in two dimensions. §;; marks the Kronecker delta
and 6 (¢ — ¢’) marks the Dirac delta function.

Equations (4.1) and (4.2) for translational motion are supplemented by the equations of rotational
motion for the direction of self-propulsion e; of each objecti (i = 1, ..., N). Introducing the angular

frequency w; of each object i, these equations read

éi = Wi, (44)
lo; =—ygw; +{|vi|sin(¢; — ;)

+V2y0kgTgne,i(t). 4.5)

Here, I plays the role of the identical moment of inertia of each object, ¢ is an identical coefficient of
rotational friction of each object, while { sets the identical strength of orientational alignment between
the orientational angle 6; of the direction of self-propulsion e; of the object i and the orientational
angle ¢; of the velocity [61, 63]. ¢; is not only affected by active driving but also by the elastic
forces. We consider ¢ to be positive, which means the direction of self-driving tends to orient along
the direction of the elastic force. ¢ ;(¢) includes the effect of a white Gaussian stochastic torque with
the effective temperature Ty. Its mean vanishes and it satisfies (17¢,; ()¢, (t')) = 6;;6(t —1').

We rescale lengths according to r = af and times according to ¢ = y,f/K. Hats denote dimen-

sionless quantities. Thus, we arrive at the dimensionless coupled equations of motion

Fi=9i, (4.6)
N . N R P —f‘j
T,V =—P; — Z (1P —Fjl—1) ——
jeti)) IFi =7,

+ae; + V2D, q;(f), 4.7

9,- = 0, 4.8)

TW; = — Q; + &V sin(p; — 0;) + 2D giig; (7). 4.9)

In these expressions, we define 7, = mK/y2, D, = kgT,/a’K, a = Fy/Ka, 19 = IK/y,ve,
&=1Calye,and Dy = kpToy,/Kye.

fe.i (t) is a white Gaussian stochastic process of zero mean and unit variance. Moreover, we omit
the hat to simplify notation. We set 7, = 79 = 0 because we only consider the overdamped situation
for simplicity, in line with experiments and considerations on a colloidal scale. In addition, from now

on when evaluating the formulas, we set D, = 0.001 and Dy = 0.001.

4.2 Fluctuation spectra in the collectively migrating state

As demonstrated earlier [66], the system shows an ordered state of all objects moving collectively on
average in the same direction, while maintaining a hexagonal lattice structure. Let us denote the angle

of the global direction of migration as 6 and the overall speed of the lattice structure as V. We relate
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V and 6 to the polar order parameter

N

1
P= Z e(0)) (4.10)

i
through the equation Ve(68y) = aP. For vanishing noise, the global speed V in the perfectly ordered
state matches the speed of self-propulsion of each object. In this case, V = @ because |P| = 1. The
speed V decreases with increasing diffusion constants, accompanied by a decreasing degree of polar
orientational order |P|. According to the large-number theorem, the fluctuations of both the speed
and the angle of collective motion tend to zero in the limit of large system sizes. In this limit, the
global velocity of the system is the same as the averaged velocity of each object, (F;) = Ve(8y) for all
i =1,...,N. Similarly, we register for the angles 6; that (6;) = 6.

Next, we denote each reference position as xfo)(t) = (xl.(o) (t),yfo)(t))T fori =1,..,N. Itis
obtained from the starting position in the perfect hexagonal lattice structure xfo) (t=0) = x}o) via

() =x? +ve(bo)r.

We assume that the deviations from this idealized situation induced by stochastic fluctuations as

quantified by the diffusion constants are small. In other words, the diffusion constants D, and Dy

are low in magnitude. To this end, we introduce the displacements u;(t) = r;(t) — xfo) (t) and the

deviations in the individual angles of self-propulsion 66;(t) = 0;(¢) — 6. Therefore,
ri(t) =x© + Ve (6o)t +u; (1), (4.11a)

0;(t) = 6+ 50;(1). (4.11b)
The elastic potential U({u}), where {u} summarizes all u; (i = 1, ..., N) and xg.)) = xfo) - xﬁ.o), is

approximated to second order in u;; = u; —uj,

1 2
U<{"}>‘§Z( Dru) 1)
| (4.12)
(0)
3 2l )
i.J)
Thus, the elastic forces are approximated to first order in u as
Fix = 3 () == 3 M, uy, 4.13)
Jei.j) Je(i.j)
where, together with the parameterization x( ) = ( l(JO), yl(j))) the matrix M is given by
(0) (0),,(0)
( l-l ) xl/ yl./ (4.14)

M. = .
- 9,0 )?
lj ylj yij :
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Using these abbreviations, the linearized equation for translational motion following from Eq. (4.7)

becomes
u; = — Z Mij -uij+(a=V)e(b)
Jje(i.j)

— sin
1% ( c0s 0 ) 00; +1,(1). (4.15)

We may conclude that this equation simplifies in the limit of large numbers of linked objects N. For

demonstration, we expand the polar orientational order parameter as

P= e (00 +06;)

=~
M=

1

(e (60) +€"(8o) 66;)

2
z| =
M=

2 1

N
1 , 1
= D€ (00) + €' (60) N;(sei

1l
—_

1 N
=1 "(6p) — 00;.
+e'(6o) N;

The second term of the last expression becomes zero in the limit of large numbers of linked objects
N — oo. Then, assuming that the globally orientationally ordered state exists, P satisfies the equality
|P| = 1 to linear order. We numerically confirm the validity of this approximation for the considered
scenario in Sec 4.4. As a consequence, Ve(60p) = aP for N — oo implies V = a. Accordingly, the
second term on the right-hand side of Eq. (4.15) becomes zero.

Thus, the coupled linearized equations of motion are derived from Eqgs. (4.7) and (4.9) as

je(i.j)
+~2Dy1; (1), (4.16)
80; = —¢ Z [COS Oo(M,; -uij)y —sinbo(M,; 'uij)x]
Jje(i.j)
- fsjn 6o VZDar,i(t) +¢& cos b VZDrny,i([)
++v2Dgng.i(t). “4.17)

We apply the Fourier series in space and combine Eqs. (4.16) and (4.17) into one equation as
==Ly + D (1), (.18)

Here, the stochastic variables are combined into one vector y; = (uxk, Uy, 56;)T. In Appendix C,
we include the conventions that we employ for Fourier transformation in time and Fourier series in

space. The coeflicients on the right-hand sides of the equations are summarized by the matrices
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My xk M,y x a sin 6
L({Xy) _ My, x Myy g —acosby|, (4.19)
E(Myx g cos8p — Myxk sinfy)  &(Myy g cos O — My g sin 6p) 0
and
2D, 0 0
D™ = 0 V2D, 0 (4.20)

—¢sinfyV2D, €& cosfyV2D, \/2D9

We define these expressions 0y (f) = (17xx (1), 7y k (1), Mok ()T as the vector of the stochastic con-

tributions. The definition of the matrix M, is elucidated in Appendix D. Explicitly, its components

read
Mok Mok
M, =, " xyrel 421
Kk (Mxy,k Myy,k) ( )
where v %
1 3 1 1 3
My x =3—2cos(ky) — 3 cos (—k + > ky) 2 (2k Tky) (4.22a)
V3 1 3 V3
Mk = 5 cos Ekx + 7 kx - ky (4.22b)
M =3- 3 k + k (4.22¢)
yyk = 2 2 x .

From the symmetry of the cosine function, we infer M;, = M _, , which reflects the inversion symmetry
of the system. In addition, M itself is symmetric.
To simplify our considerations, we rotate the coordinate frame in Eq. (4.18) by 6. The rotation

matrix is defined by
cosd —sinf 0
R(0) =[sinf® cosd O]. (4.23)
0 0 1

Through rotation by 6y in an anticlockwise direction, we obtain zx = (u)k,u i,k,é'@k)T and

1" = (1 (0,704 (1), ok ()7 via

ye =R(00) -2k, m = R(60) - q\?. (4.24)

Hereafter, we set i, () = 1](9(’ ) (1), because the properties are the same. Our equation in the rotated

coordinate frame becomes
e+ 2 = D) (1), (4.25)

where

D™ =R(~0y) - D - R(6)

2D, 0 0 4.26
-l o V2D, o (4:20)

0 &V2D, 2Dy
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and

L% =R(~60) - L™ - R(60)

Ay + By Cr 0 (4.27)
= Cr Ay — By —a|.
ECk  E(Ax—Bx) O

In this way, we introduced the abbreviations

Mxx,k + Myy,k

Ay = = (4.28)
Mok - M

By = M c08 200 + My 4 sin 26, (4.28b)
Moy - M

Cp = —w in 26 + Mgy x cos 26. (4.28¢)

We solve Eq. (4.25) using the method of Green’s functions [104]. Firstly, we perform the Fourier

transformation in time, and the formal solution Zx (w) = F [zx (¢)] is expressed via

—iwze + L 2z = D) - jjy (w) (4.29)
as
-1
2(w) = |-+ L | D)y (@), (430)

The stochastic contributions in Fourier space satisfy the relations

(i (w)) =0 (4.31a)
and

(ak(W)iigr (@) =27NS o 0k 10 (w + '), (4.31b)
(Tt (W) () = 2NS 0O g (@ — ') (4.31c)

for @, B € {x,y,0}.

Next, introducing the abbreviation
_ [ (o))

A (w) = [—lw! +T¢ ] , (4.32)

the autocorrelation matrix is defined as

S (w,0") = (Zk(w) ® ()
(i a ()i (@) (@) g (@) ()0 (@)
=| Lk (@) 1 (@) k(@) () (e ()8, (')
(O ()i (@) O(@)i) (@) (Ge(@)b (')

4.33)

where ® denotes the dyadic product. We may rewrite this expression as

S (@,0") = (2 (0) ® 21, (o))
= (T (w) ®Z_p ("))

=27NS, (w) Sg g 6 (w — W), (4.34)
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where in the last step we introduced the matrix of equal-frequency and equal-wavevector fluctuation

spectra S, (w) with components
Sapi(©) = dayk (@)DSY DITIL . (~w). (4.35)

To derive this equation, we used the relation 4, (w) = A_ (w), the formal solution Eq. (4.30), and we

applied Egs. (4.31). Explicitly, we list the components as

W (@)2D, + WD, (0)2Dg

S = : 4.36
apk (@) = (denom.) (4.36)
where we introduce the following abbreviations
(denom.) =w* (a)2 + A7 + B2 +C2 +2A5[B2 + c,f) (a)2 + A2 + B2 +C} - 2A5B2 + c,%)
—2a¢w? [(Ak — Br)w* + (Ax + Br) (A} — By — Cp) ] (4.37)
2
+a28? [(Ak B+ (A,% -B- C,’f) ] ,
Wi (@) =o* + ((Ak - Be) (Ak - By —208) + G} ) o
(4.38)
+a’¢ (A~ B+ CF).

W (@) = (28 + 0?) (47 +24k B + BY + G+ ). (4.38b)
W) (@) = 0 [0* + (A + B> +CF (4.38¢)
Wi (@) = Ce [(af - 240)0” 207 Ay + i’ 0] (4.38d)
Wil (@) = G ((a§2 - 2§Ak) W’ + ZiQAkfzw) , (4.38¢)
W, (w) = ( f0? - ia§2w) [ + (Ag + Bi)? +C2] (4.38f)
Wi () = a’CE, (4.389)
W () =a (w2 + (A + Bk)z) : (4.38h)
Wooy (w) = w* +2(A% + B + C)w” + (A} - B - G, (4.38)
ﬁ’l)k(w) —Cra? (Ag + B — iw), (4.38))
Wit (@) = ~Cra (A} = 2iAgw - B} - CF - w?), (4.38K)

(0) 2 2 2 2

W (w) =a (A — Br)+ (A +Br) |A; —B; - C

ok g (- =i (4.381)

—law [wz +(Ap +Br)* + C,%] ,
noting that the matrix W'*¢ is Hermitean: W% (w) = w*"9 ()
g jASA Bak ~ VaBk :
For reference, we include the results for a passive solid composed of elastically linked passive
Brownian objects as well. This system does not exhibit migrating motion. Its constituents do not self-

propel. Since we cannot define an angle of self-propulsion 6; in this case, only the fluctuations of two

stochastic variables u,y and u,  need to be considered. In this case, the corresponding expressions
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Figure 4.2: Diagonal components of the matrix of fluctuation spectra S, % (w) as functions of
angular frequency w for some fixed wavevectors k = (ky, k) as indicated by the legends and colors
of the lines. From the top row, S (w), S1 1k (w), and Sgg x (w) are plotted. Since in our case the
solid migrates along the x-axis, that is, 6p = 0, we here imply S x (w) = Sxxx (w) and

Si1k(w) =Syyx(w). (a), (d), and (g) Data for (e, &) = (0.5,2); (b), (e), and (h) Data for

(a@,&) = (1,1); and (¢), (f), and (i) Data for (a, &) = (1,2).

read

2D, (P + M2, + M2, )
XY

Sk (@) = 2h
xxk B (denom.passive)
2D, (a)2 M2+ Mfy’k)
Syy,k (w) =

(denom.passive)
Sxyk (@) =Syxk(w) (4.39)
_ 2D, (Mxx,k + Myy,k) Mxy,k

(denom.passive)

. _ 4 2 2 2 2
(denom.passive) =w" + [Mxx,k + 2Mxy,k + Myy’k] w
5 \2
#(Maaa My g = M2, )

Both Sy, x(w) and Sy, x (w) are maximized at w = 0 for any wavevector k.

We can compare the analytical forms of these expressions for the passive solid to those of our active
case in the limit of small wavenumbers k. It turns out that, in this regime, the results for the diagonal
elements of the passive solid become identical to the one of the active solid along the migration

direction. We obtain both from Eq. (4.36), marked by indices @ = 8 =||, and from Egs. (4.39)

2D
Sk (w) ~ SPas (w) ~ Sl;iik (w) =

xx.k

L 40 (k“) . (4.40)

w2
In contrast to that, the diagonal components associated with the axis perpendicular to the migration

direction and with angular fluctuations obtained from Eq. (4.36) setting @ = 8 =L, 6 for the active
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Figure 4.3: Fluctuation spectra (a) Sy x (w) and (b) Sy, (w) of a corresponding passive solid for
comparison. Each colored line includes the data for a given wavevector k = (ky, k) as indicated by
the legend.

solid deviate and become

2D, w?* +20? (62D, + Dy)

S = o (k*), 4.41
11k (w) 2 (a)2 T2 (Ar —Bk)) + ( ) ( )
2(£°D, +Dy) 4
= k 4.42
Sook () MZ_M(Ak_Bk)m( ). (4.42)
where
3 2 2 2 2
Ac-Be = 5(2(€+k) - (K- k3) cos260
~ 2kcky sin260) + O (k). (4.43)

The additional divergences in these expressions for S, x(w) and Sggx(w) at frequencies w =
i\/m are in line with our observations of a maximum at nonvanishing frequencies in
Fig. 4.2(d)—(i). Quantitative differences and the regularization for w — 0 in Fig. 4.2(d)—(i) can be
explained by the nonvanishing wavenumbers in that case as indicated by the legends.

Hereafter we choose the direction of collective motion as 6y = 0. For this configuration, we plot
in Fig. 4.2 the diagonal components of the matrix of fluctuation spectra S, ok (w), see Eqgs. (4.36), for
a =||, L, 0 as functions of the angular frequency w for some fixed wavevectors k. For comparison,
corresponding fluctuation spectra for the situation of a passive solid, see Eqs. (4.39), are plotted in
Fig. 4.3. Since S ok (w) for @ =||, L, 8 are even functions in w, we only focus on the region of w > 0.
While the fluctuation spectra of a passive solid show maxima at w = 0 for all considered wavevectors,
the ones of an active solid feature maxima at a nonvanishing w for @ =1, 6. These maxima are thus
associated with the activity-induced excitability inside the active solid.

Next, we consider the nonvanishing values of angular frequencies at which the maxima of the
fluctuation spectrum are located for @ =1, 8. Figure 4.2 indicates that these values increase together

with the strength of self-propulsion @ [compare (a) and (c)] and the strength of alignment & [compare
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Figure 4.4: Angular frequencies wmax, oo (k) that maximize the associated fluctuations S ok (w)
[max(Sqek (W) = Seak(@Wmax.ae)ls @ =||, L, 0, as a function of the wavevector k. The strengths of
self-propulsion a and alignment ¢ are (a), (d), and (g) (a,¢) = (0.5,2); (b), (e), and (h)

(@,¢) = (1,1); (¢), (f), and (i) (@, &) = (1,2). We here set the angle of unperturbed collective
migration to 6y = 0. Dark hexagonal lines indicate the first Brillouin zone.

(b) and (c)].

Regarding the spatial dependence and anisotropy of the fluctuation spectra, we infer from Figs. 4.2
and 4.3 that both active and passive systems feature larger maximal values for S| x(w) along the
ky-direction than along the k.-direction. For S, x (w), it is the other way around. Thus, we infer
that fluctuations in displacements are enhanced along the directions perpendicular to the wavevector.
Soox(w) behaves similarly to S, | x (w) in terms of the spatial anisotropy. In our equations of motion,
Egs. (4.8) and (4.9), angular deviations are induced by perpendicular displacements u, .

For further reference, we denote the angular frequency at the maximum of each diagonal component
Seak (W) a8 Wmax.aa (k) for @ =||, L, 6. The corresponding maximal value for & =||, L, 8 is obtained
via

Smax.aa (k) = max (Spak (@) =S (Wmax.aa (k) - (4.44)
Wmax.aa (k) and Smax oo (k) are plotted in Figs. 4.4 and 4.5, respectively.

According to Fig. 4.4, wmax,a« (k) increases from k = 0 anisotropically within the k .-k -plane.
In fact, the considered situation is not isotropic because of the set direction of collective migration
and the discrete elastic interactions introduced by the springs. For elevated wavenumbers, we observe

in Fig. 4.4 maxima of wmax gg (k) along each direction of k. The positions of these maxima shift
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Figure 4.5: Maximum values of the fluctuation spectra Smax.ao (k) for @ =||, L, 6 as a function of the
wavevector k. The illustration is analogous to the one in Fig. 4.4; see the caption there for details.
Again, dark hexagonal lines indicate the first Brillouin zone.

toward higher wavenumbers as o [compare (a) and (c)] or & [compare (b) and (c)] increase. Interest-
ingly, therefore, fluctuations of finite nonvanishing angular frequency show maxima in the considered
overdamped systems where classical phonons do not appear by construction. Thus, in contrast to the
corresponding passive case, a significant fraction of fluctuations propagates through the system with
characteristic nonvanishing angular frequencies.

Finally, we focus on the dependence of the maxima of the fluctuation spectra on the wavevector
k; see Fig. 4.5. The magnitudes in the spectra show maxima at zero wavenumber and then rapidly
decay, suggesting that the fluctuations in this system mainly feature long-wavelength components. In
both active and passive systems, wWmax.aa (K = 0) = 0 is due to the presence of Goldstone modes; see
Fig. 4.4. In fact, the mode k = 0 does not imply any elastic deformation of the springs and thus there

is no restoring force.

4.3 Rate of entropy production

We characterize the collective excitation with respect to the energy dissipation as in Ref. [89]. The

rate of entropy production [92, 105, 106] is defined as

§ = lim 1 <ln PT) >, (4.45)
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where (- - ) is the ensemble average. P and P, are the forward and backward trajectories, respectively,

scaling as

P(T) ~e AT,
P(T) ~ o AT, (4.46)

where A and A, represent the forward and backward actions, respectively. They are calculated via

AT = ; / W) 1L
. (4.47)
A =5 Y, [ awrolLaof.
% —00

The summation over k implies that all modes contribute to the total entropy production. Wr(¢) is a

rectangular window function defined by

1 if-T<t<T,

Wr (1) = { 0 otherwise, (4.48)

and L, (¢) represent the inverse Fourier transformations of Ly (w;T), obtained by solving for

the stochastic contributions in the formal solutions of the equation of motion, Eq. (4.29), via

L@@ T) =D ™" [—iol + T | - 2 (w: T), (4.49)

Lk (w;T) =T Ly (w;T)

=p@". [iw!+£,(€9°)] 2k (w3 T). (4.50)

In the latter equation, 7~ is the time-reversal operator. We here consider the dynamics within the finite
time window [—T,T] as indicated by the additional parameter T in the arguments of the functions.
Combining the above expressions and applying the Wiener—Khinchin theorem, see Appendix E,

we find the spectral decomposition of the entropy production o (w, k), defined via

© g
s:/ %Z(Tk(w), (4.51)
o 2m L
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We here used Eq. (4.36). Moreover, we denote by L(:) and L((“) the symmetric and antisymmetric

parts of the matrix L(cg"), respectively, defined via

S l T
F( ) 5 (F(GO) I‘(90) ) , (453)
1 T
@ : (F(Ho) Q) ) . (4.54)

In addition, we introduced the abbreviation

B= (D(Ho)_l)T X D(G’o)_1

1
D, o 0 (4.55)
_ £ £
= 0 55, *+35, ~30,
0 L& 1
2Dy 2Dy

We plot in Fig. 4.6 the spectral entropy production oy (w) as a function of angular frequency w
for different wavevectors k. Obviously, oy (w) features maxima at nonvanishing angular frequency w
similarly to the fluctuation spectra, see Fig. 4.2. We denote the angular frequency of the maximum for
a given wavevector k as wmax o (k). For the considered wavevectors k, the positions of wmax, o (k) are
closer to the ones of Wmax, 11 (k) and Wmax, 99 (k) than wmay | (k), see Fig. 4.2. These relations are
conceivable because the coupling between u; and 66 significantly contributes to the spectral entropy
production. The coupling becomes apparent from the emergence of Sy, x (w) in Eq. (4.52).

For small wavenumbers, the rate of entropy production can be expanded as

4a?
o (w) :27er2 “ 2% (Ar —Bo)
(£2D, + D)’ y

where the wavevector dependence of Ay — By is shown in Eq. (4.43). In the square brackets, the
parameter ¢ quantifies the strength of alignment of the direction of self-propulsion with velocity,
which is affected by the forces due to the elastic springs. In this way, the corresponding term involves
elasticity.

We note that oy (w) in Eq. (4.56) diverges at frequencies

w(k) =+ v2aé (Ax — Bi)

=+ 2 [30¢ (2 (2 442)
4.5
— (ki - ki) cos 26y — 2k ky sin 290) ] 3 (4.57)

+0 (k“) .
This expression well reproduces the positions of the maxima in Fig. 4.6 relative to each other, that is,
their order from left to right. For 8p = 0, @ = 1, and & = 2, we find for the wavevectors listed in the
legend of Fig. 4.6 for the frequencies in Eq. (4.57) ~ 0.48, 0.96, and 1.08, while the exact values are
0.34, 0.68, and 0.74, respectively. Quantitative deviations are expected in view of our approximation
for small wavenumbers.

Next, the spectral entropy production oy (w) is integrated over w, f o (w) dw/2n, to obtain the
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Figure 4.6: Spectral entropy production o (w) for fixed wavevectors k = (k, k) as indicated by
the color of the lines and in the legend. Again, the direction of collective migration is set along the
x-direction, that is, 8y = 0. Strengths of self-propulsion and alignment are chosen as @ = 1 and ¢ = 2,
respectively.

contributions per wavevector k to the rate of entropy production §; see Eq. (4.51). It is plotted in
Fig. 4.7(a), while wmax (k) is included in Fig. 4.7(b). We infer from Fig. 4.7(a) that the integrated
spectral entropy production sharply decreases as the wavenumber |k| increases. Moreover, it decays
faster in the k-direction than in the k.-direction. In addition, Fig. 4.7(b) shows that fluctuations
of larger angular frequency w tend to contribute more significantly to the entropy production with

increasing |k|.

4.4 Numerical evaluation

At the beginning of the calculation of the fluctuation spectrum in Sec. 4.2, we assumed that the
fluctuations are small enough to linearize the equations and that V = a. To check whether these
assumptions are correct, we numerically implemented the original equations, Egs. (4.6)-(4.9), in
rectangular calculation boxes. The number of self-propelled objects is set to N = 256 X 256. We
employ a Cartesian coordinate system and denote the dimensions of the system by box lengths L, = 256
and L, = 256 x V3/2; see Fig. 4.1. Periodic boundary conditions are imposed along all edges of the
rectangular calculation box. The self-migrating objects are initially arranged on regular spring-lattice
structures of perfect hexagonal symmetry. Moreover, initially, the directions e; (i = 1, ..., N) of self-
propulsion head towards the +X-direction. The equations of motion, Egs. (4.6)—(4.9) are numerically
integrated forward in time using the Euler—Maruyama method. We use a time step of dr = 0.001 and
the parameter values in the rescaled Eqs. (4.6)—(4.9) as listed in Table 4.1.

Time evolutions of appropriate parameters are employed to check when the system has reached a
steady state. For later discussion, we define the current polar order parameter

N

p(1) = % D e(0i(1) (4.58)

i=1
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Figure 4.7: (a) Spectral entropy production oy (w) integrated over angular frequency w to yield the
contributions to the rate of entropy production §; see Eq. (4.51). (b) Angular frequency wmax x ()
that maximizes oy (w). Both are displayed in the ky—k ,-plane of the components of the wavevector
k. Dark hexagonal lines indicate the first Brillouin zone.

and the current velocity of the center of mass
1
ve() = % Z vi(t). (4.59)

i=1

The angular orientation of p(¢), denoted as ang(p(¢)), and the relative deviation of the magnitude
of v, from the parameter «, that is, (|v.(#)| — @)/, see Egs. (4.10) and (4.15), are plotted in Fig. 4.8
as a function of time for 16 different numerical realizations. Since the numerical system is finite-sized,
the fluctuations of ang(p) remain finite (nonzero), yet within a small range of [—0.025,0.025] within
the considered time window, see Fig. 4.8(a). Moreover, in our simulations, the maximum fluctuations
of the relative speeds of the centers of the mass (|v.(¢)| — @)/a stay within 2.5 % for all samples
within the considered time window, see Fig. 4.8(b). Thus, we may conclude that they remain small
enough for our approximations to be valid.

Statistically, the degree of overall orientational order and the speed of the center of the mass are

then calculated as

P=(p), (4.60)

and
V=), 4.61)

respectively, where we use the subscript ; to mark numerical ensemble and time average. These
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Figure 4.8: Time series of (a) the angle of the temporal polar order parameter and (b) the speed of
the center of the mass. There are 16 lines obtained from different seeds for stochastic forces.

averages are taken over the 16 considered numerical realizations iterated from different seeds for the
stochastic forces and over the time window (500, 1000], when the system has reached a steady state.
Within this time window, data are used for averaging from all integer times ¢ = 501,502, ..., 1000.

The resulting values are |P| = 0.997315 + 0.000254 and (|V| — @)/a = (-2.647 +5.574) x 1073.

Table 4.1: Values of the rescaled parameters set in our numerical simulation.

Parameter Description Value(s)
N Number of objects 256 x 256
a Strength of self-propulsion 1
3 Strength of self-alignment 2
D, Translational diffusion coefficient 0.001
Dy Rotational diffusion coefficient 0.001

In addition, we numerically confirmed that the distribution of §6; () = 6;(t) —ang(p(t)) is steady
after t = 500. It fits well with a Gaussian curve of standard deviation 7.5 x 1072, indicating on average
only moderate angular deviations of the individual migrating objects from the common migration
direction.

Numerically, z;(¢) for i = 1,..., N are obtained in the following way. We determine the reference
positions that correspond to an undeformed state, in which the induced deformations of the mesh
of springs vanish. From there, the positional displacements are determined. Moreover, the angular
deviations are measured as deviations from the direction of ang( p (#)). These evaluations are performed
for each instance of time ¢ of numerical measurement.

From the prescribed time window of width 27, the resulting functions S 44 x (w; T) corresponding
to the fluctuation spectra are determined, where a € {||, L,0}. To this end, we first transform the
discrete time series of numerical measurement data z,;(#) confined to the time window of width
2T to Fourier space, yielding Z,x (w;T). We list the general definitions of functions of arguments
(w;T) and of the discrete Fourier series in Appendix C. The expressions S (w; T) are found from
ensemble averages (...)qns a8

<Za,k (w3 T)Za,—k (-w; T)>ens

4.62
2TN (4.62)

Sa/a,k (C‘); T) =
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Figure 4.9: Numerically calculated fluctuation spectra Sggx (w; T), see Eq. (4.62), where

B € {|l, L, 8}, for strengths of self-propulsion and angular alignment (a, &) = (1,2). Results are
obatained from numerical measurements on N = 256 X 256 objects, see Table 4.1, sampling over 16
numerical realizations and a time window of width 2T = 500. Difterent wavevectors k = (kx, k) are
selected as indicated in the legends and by the different line colors. The resulting curves match well
in shape with the analytically calculated ones in Fig. 4.2(c,f,i).

Corresponding results are plotted in Fig. 4.9 and match well in shape with the analytical ones, see

Fig. 4.2.

4.5 Conclusions

In summary, we analyze the excitability of the orientationally ordered, collectively moving state of
active solids consisting of self-propelling objects that are elastically linked to each other. To this end,
the fluctuation spectra for the elastic displacements u# and deviations in the angle of self-propulsion 6
are calculated from the underlying equations.

The self-correlations, apparent in the diagonal components of the matrix representing the fluctua-
tion spectra, contain the spatiotemporal information on these excitations. In the case of passive solids,
they decay monotonically as functions of frequency. In contrast to that, the fluctuation spectra for our
collectively migrating active solids feature maxima for nonvanishing wavenumbers at nonvanishing
frequencies.

We find that entropy production is related to the off-diagonal entries of the matrix representing the
fluctuation spectra. Similarly, previous analysis demonstrates the relation between entropy production
in steady states and the nonreciprocal components of the underlying dynamic equations [104]. The

rate of entropy production for the considered orientationally ordered, collectively migrating active
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solids is maximized at vanishing wavenumber. However, for fixed nonvanishing wavenumbers, the
rate of entropy production is maximized at nonvanishing frequency. Our analysis indicates that both
the strength of active driving « and the strength of alignment ¢ of the driving direction with the current
velocity determine this effect. It further indicates that for small wavenumbers the frequency of the
maximum rate of entropy production scales as (a&)'/2.

Summarizing, we address the effects of coupling between elastic forces on individual self-
propelling objects and their direction of active migration. Some previous studies considered exci-
tations of active solids in the absence of such migrational alignment [89, 93, 107, 108]. Moreover,
we focus on excitations in the collectively moving, orientationally ordered state, while previous work
addressed static correlation functions [66].

Overall, by our study, we hope to stimulate corresponding experimental realizations and observa-
tions. A challenge is certainly to produce large enough systems for quantitative matching, particularly
in terms of associated HEXBUG® experiments [61, 63, 65], although we are confident that basic
features can be reproduced qualitatively by focusing on the inner parts of larger collections. Generally,
in theoretical studies, it is straightforward to consider continuous motion in one direction by introduc-
ing periodic boundary conditions. In contrast to that, any experimental system is of finite size. One
solution could be to provide a large enough arena in experiments for directed migration over longer
times. Yet, recording may be difficult. Another, more practical option might be to prepare the system
on a treadmill or conveyor belt to keep it fixed in the lab frame.

The parameter values we selected in our work correspond to possible realizations in previously
reported HEXBUG® experiments [61]. There, cylindrical rings contain the HEXBUGs® and are
linked by elastic springs. We suggest for these experiments [61] a value for the there-introduced
dimensionless control parameter of 7 = 2, which can be achieved by connecting the cylindrical rings
containing the HEXBUGs® by springs of a spring constant around 0.86 mN/mm. The experimental
study has shown for the employed components a typical time scale, on which the effects of translational
inertia appear, of 0.12 s. In other words, for dynamics occurring on time scales longer than this, the
effects of translational inertia are low. (Rotational inertia was neglected in the evaluation of the
experiments [61].) Since our time unit obtained from the suggested spring constant is 0.25 s, we
expect that the characteristics reported in our work for dimensionless frequencies w < 1 can be
observed in the experiment. For example, we report in Secs. 4.2—4.4 several characteristic peaks in
the corresponding frequency regime w < 1. They are observable already in our N = 16 X 16 system.
Furthermore, to compare our parameter values for @ and £, we need to assume a certain length for the
undeformed springs. This is indirect, because in the experiments [61] the springs are not attached to
the centers of the nodes but to the rings containing the HEXBUGs®. Nevertheless, inferring from the
snapshots a length of approximately a = 7.5 cm, we find @ ~ 0.67 for the strength of active driving,
which is of the order of the value of @ = 1 that we mainly use for our calculations. The strength of
alignment is found as ¢ ~ 3, which is close to the value of 2 that we focus on in Figs. 4.2(c), (f), (i),
and 4.6. In the experiments, this parameter could possibly be modified by additionally loading the

HEXBUGs® with small asymmetric weights.
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It is possible that our effects are masked by the different boundary conditions in the experiments,
as our theory uses periodic boundary conditions. Our unit of length was rescaled by the length of
the undeformed springs, so the distance between two HEXBUGs® in the undeformed state would
correspond to our unit length. That is, in order to observe dynamic bulk phenomena away from any
free boundary in the experimental system on time scales w™! > 1, let us say, w~! ~ 5, we must ensure
that boundary effects cannot propagate into the system on these time scales. Roughly, to be able to
address inner bulk effects, the distance from the boundaries should be at least as large as the length
scale of the observed effects. That is, for a focus area of N = n X n active objects, we then suggest a
system of size of at least N = (3n) X (3n) active objects for observation.

Still, if direct comparison is not possible due to a dominating role of boundaries, one strategy
may consist of employing programmable self-propelling robots [109]. By tracking their migration
and controlling them from outside to mimic and apply mutual elastic interactions between them and
adjusting their motion accordingly, periodic boundary conditions could be imposed at the same time.

In the end, we remark that our theory is based on the analysis of fluctuations around the highly
orientationally ordered, collectively migrating state. Therefore, in general, we are leaving the regime of
quantitative validity of our assumptions at some point when we reduce the strength of active driving.
In this case, orientational fluctuations become larger and the system finally transitions towards the
orientationally disordered state [20-22, 65, 66]. It is a challenging task for the future to develop a

theoretical analysis that additionally covers this transitional regime.
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Chapter 5

Conclusion

In this study, we examined spatiotemporal patterns and correlation structures in the condensed states
of self-propelled particles with alignment interactions. We investigated correlation functions and
fluctuation spectra of active matter in both liquid and solid states, using both continuum and molecular

models, and using both analytical and numerical methods. The findings are summarized as follows:

* Flow patterns and defect dynamics of active nematic liquid crystals under an electric field
(Chap. 2)
This study on the flow patterns and defect dynamics of active nematic liquid crystals under an
electric field demonstrates that an external electric field can significantly alter the system’s flow
structures and defect dynamics. By increasing the electric field strength, the active turbulence
state transitions sequentially into the laning state and then into the uniformly aligned state. The
transition point between the uniformly aligned state and the laning state can be understood
through linear stability analysis. Instabilities of the uniform state always occur in the direction
parallel to the electric field. Furthermore, in the intermediate state between the active turbulence
state and the laning state, an oscillatory pattern involving the local generation and annihilation
of vortices was observed. During the annihilation of these vortices, two pairs of topological

defects are generated. The generated defects rearrange into new pairs and annihilate each other.

* Active nematic liquid crystals under a quenched random field (Chap. 3)
When a random external field, simulating the heterogeneous environment inside and outside of
cells, is applied, the flow and defect motion becomes slower, and above a critical field strength,
the director pattern is frozen. On the other hand, the flow velocity only gradually decreases as
we increase the randomness, and remains finite in the director-frozen state. This frozen state
exhibits short-range orientational correlations that exponentially decay inheriting the property
of passive random nematics while the flow field retains long-range logarithmic correlations. The
correlation function of flow velocity is proportional to the Green function of Stokes equation.
This is explained by the fact that the director field has become spatially uncorrelated, almost
matching with the orientation of the random field. We studied both extensile and contractile
active nematics and found no significant difference between them if the magnitude of the activity

parameter is the same.
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¢ Collective excitations in active solids featuring alignment interactions (Chap. 4)
We investigated the fluctuation spectra in the uniformly aligned state of active solids char-
acterized by alignment interactions. Unlike passive solid systems, this system reveals unique
excitations arising from the interplay between activity and alignment forces. As both the activity
and the strength of alignment interactions increase, the system amplifies excitations at higher
wavenumbers and frequencies, indicating a direct relationship between these parameters and the
vibrational dynamics. The inclusion of alignment interactions distinguishes these fluctuations
from those in active solids that lack such interactions. Furthermore, we quantitatively exam-
ined the connection between these enhanced fluctuations and the rate of entropy production,
providing insights into the non-equilibrium nature of the system. The coupling between fluctu-
ations perpendicular to the migration direction and the self-propelling angle contributes to the
entropy production. This analysis reveals fundamental differences from the behavior of phonon

excitations observed in equilibrium solid-state systems.

These studies collectively demonstrate that active matter exhibits diverse collective motion and
dynamics depending on external fields (such as electric and random fields) and internal alignment
interactions. While activity serves as a means for taking the system into a non-equilibrium state,
intrinsic alignment interactions have unique effects on the dynamics. This research provides essential
insights into understanding the effects of activity and alignment interaction on active matter, establish-
ing a theoretical foundation for future applications, including comprehension of living matters and the

development of bio-inspired systems.
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Appendix A

Details of the linear stability analysis

The content of this appendix is adapted from Ref. [68] (Y. Kinoshita and N. Uchida, “Flow patterns
and defect dynamics of active nematic liquid crystals under an electric field”, Phys. Rev. E 108,

014605 (2023)) © (2023) American Physical Society.
The eigenvalues of the matrix M in Eq.(2.27) are given by
k> D

—_ JR— + —_—
Re ySo

k2 DY
/| =— - —| +2k2Sp(Ac+1) [-(Ac+1)D +ac]
Re ySo

-k _
—iw, =

1
2

: (A1)

where we introduced the abbreviation ¢ = cos 2¢. The linear growth rate Im ¥ is positive if and only
if

ac(lc+1) > [(Ac+1)*+

e E%+2KS, kQ). A2
S ( 0 (A2)

where we recalled D = g,E? + 2K Sok?. It is easily seen that the condition is most easily satisfied in

the long-wavelength limit (k — 0). To examine the ¢-dependence, we rewrite (A2) as

af(c)—Dg(c) >0, (A3)
flc) =c(Ac+1), (Ad)
g(c) = (Alc+1)*+B, (A5)
2
= m. (A6)

Since @ > 0 by assumption and D > 0, g(c) > 0, the condition (A3) is satisfied if and only if f(c) > 0

and
g(c)
fle)

Since we also assume 0 < A < 1, the condition f(c) > 0 is equivalent to ¢ > 0. To find the minimum

% > h(c) = (A7)
of h(c), we use

_1+B+ B
2 (c+1/1)2

h'(c) = (A8)

We see that h(c) is a motonotically decreasing function in the range O < ¢ < 1. Therefore, the stability

threshold a. is determined by substituting k = 0 and ¢ = 0 into (A2), which gives Eq.(2.28).
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Appendix B

Angle distribution for sinusoidal
director undulation

The content of this appendix is adapted from Ref. [68] (Y. Kinoshita and N. Uchida, “Flow patterns
and defect dynamics of active nematic liquid crystals under an electric field”, Phys. Rev. E 108,

014605 (2023)) © (2023) American Physical Society.

Here we compute the distribution function f(6) of the director angle for the sinusoidal profile
0(x) = g sin kx. Without loss of generality, we consider the distribution in the range —x/(2k) <
x < m/(2k), where 6(x) is monotonically increasing with -0y < 6 < 6y and there is one-to-one
correspondence between 6 and x. The probability to find the angle in the infinitesimal range [6, 6 + d6]
is given by f(6)d0 = dx/(n/k), where dx = df /6’ (x) is the corresponding range of the x-coordinate.
Therefore, we obtain

=<4 R — (B1)

mdf mbpcoskx 9(2)_92

for |6] < 6. Note that £(0) is trivially zero for |6| > 6.
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Appendix C

Fourier transformation

The content of this appendix is adapted from [86] (Y. Kinoshita, N. Uchida, and A. M. Menzel,
“Collective excitations in active solids featuring alignment interactions”, The Journal of Chemical

Physics 162, 054906 (2025)), with the permission of AIP Publishing. © (2025) AIP Publishing.
In this appendix, we list the conventions that we use to perform our Fourier transformations.

C.1 Fourier transformation in time

The Fourier transformation of the function f = f(¢) in time is defined in the form

F(w) = FU) () = / drf (e, (C.12)

and its inverse via

0o

F0 =700 =5 [ dofee (C.1b)

—00
For our purpose, we further define the Fourier transformation of f(z) confined to the time window

[-T,T] as

00

f(@;T) = F{Wr (1) f}(w) =/ dt Wr (1) f(1)e ", (C2)

—00

where Wr(t) is given by
1 if-T<t<T,
Wr(t) = (C.3)

0 otherwise.
In the discrete case of a time series of measurement data {a,, } = ao, ..., a,—1, sampled at n equally

distanced instances in time as indexed by m € {0, 1, ...,n — 1}, the Fourier series is written in the form

n—1

=) ame?™ (C4a)

m=0

for k =0,...,n— 1. Similarly, its inverse results via

1 n—1 i
== Gre 2min (C.4b)
n k=0

form=0,..n-1.
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C.2 Fourier series in space

When introducing the discrete Fourier series, two possibilities come into our mind that both have their
justification. First, when assuming periodic boundary conditions in a rectangular calculation box, we
may use the discrete wavevectors defined by standing waves within the calculation box. Second, we
may work with the discrete lattice vectors determined by the hexagonal lattice in its undeformed state.
In the following, we adopt the latter point of view.

The arbitrary lattice points are expressed in terms of a linear combination of two unit lattice vectors,
R:m1a1+m2a2, (C.S)
where m; =1,...,Nyand m, = 1, ..., N». We choose

T
a| = (I,O)T, ap = (%,ﬁ) .

Our inverse unit lattice vectors are defined as

ar X ajs 1 r
by =2n—— =2n|l,—-——| , C.6
: a;-(ayxas) ( \/5) (0
T
as Xaj 2
by =2n——————— =27 (0, —| , C7
g ay- (a3 xay) ( \/§) €7

where for the ease of derivation we considered an additional third dimension introducing az =
(0,0, HT.

The arbitrary inverse lattice points are expressed via
G=—b+—b,, (C.8)

ny =1,..,Ny and ny = 1, ..., N;. Then, the discrete Fourier transformation of f(m,m>) is defined as

f(ni,no) =F [f(my, m2)]

N N

= Z Z e G f(my,my)

mi=1 my=1

_3 Y e R e (C.9)
my=1 mp=1
S X f(my,my)
Nl N2 . ml?l] 7"2"2
=0 > e R ),
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and its inverse as

f(mi,ma) =F ' [f(n1,n2)]
PININD N
_ 1=1 “m=1 R.G 7
NN, e f(ny,ng)
N Ny
_ Zi=t Ly (a2 ) (C.10)
NN ~
2 X f(ny,n3)

N N
Z . Z - (ming mznz) -
— ni=1 np=1 271!( N + N, f(nl,nz),
NN,

A convenient relation is given by

mp=1 mp=1 Ny
NN, (C.11)

= 6n1,ni 6n2,n

ZN] ZNZ _Zﬂ_i(ml(r;\]llfn?)+m2(n27né))

é?
where ¢ represents the Kronecker delta.
In a slight variation of notation, we express the Fourier series, here for the displacements u;

(i=1,..,N),as

N
. (0)
uy = Ze—l’”f u;, (C.12)
i=1

(0)

where x ;" is the position vector of the i th object in the undeformed state of the lattice. Its inverse

follows as

1 o (0)
u; = 5 Zkle'k *iuy, (C.13)

where the summation runs over the wavevectors k.

A convenient relation is given by
1 & ©
L —i(k—k')-x;
Skar = % Zle : (C.14)
i

where ¢ represents the Kronecker delta.
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Appendix D

Definition and derivation of the
elasticity matrix in Fourier space

The content of this appendix is adapted from [86] (Y. Kinoshita, N. Uchida, and A. M. Menzel,
“Collective excitations in active solids featuring alignment interactions”, The Journal of Chemical

Physics 162, 054906 (2025)), with the permission of AIP Publishing. © (2025) AIP Publishing.

The elastic force acting on the object 7 is

Fi== > M, uj (D.1)
je(ij)

where 5
) (0),(0)
Mo - (xij) Yij Yij
A OO NON
Yij Y i)

(D.2)

see Eqgs. (4.13) and (4.14). Multiplying Eq. (D.1) by the factor e " and summing overi = 1, ..., N,
we obtain the Fourier transformed expression of F;,

N (0)
_ —ik-x; .
Fi==), ), e My u
i=1 je))
N

L (0)
- _ —ik-x; .
= E E e i Mij

i=1 jE(@.))

1 o (0)
_ﬁ Z elkZ *i Uk,
k>
N

ST D My etk (D.3)
ki

i=1 je(i.j)

i (@ ©
x[1-e™™® (" )]uk.

ik, -x9
==X X My [t
ki e (NN}

L (0)
- _ Z Mij . [1 _ e—lk.xi_,» ] n

xf.;.)) e{N.N.}

=-M, -ug.

We denote the set of all lattice vectors connecting nearest-neighboring objects in the undeformed
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Figure D.1: Hexagonal lattice structure around one centered object (red) in the undeformed ground
state of the lattice, together with the orientation of our two-dimensional Cartesian coordinate system.
There are six nearest-neighboring objects (blue) surrounding the centered object. The situation is
identical for each object in the undeformed hexagonal structure.
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ground state by {N.N.}. In the fourth equality, we switch to the sum over all X © - FO) -x (.0) € {N.N.}.

This is possible because both M and the exponent only depend on these relative distance vectors.

0 _ (0 _ ()
L

Moreover, since x : ij refer to the relative distance vectors of the lattice in the undeformed

state between nearest neighbors, they are identical for all lattice points, see also Fig. D.1. Therefore,

(0)

the sum over x; ij € {N.N.} can be decoupled from the sum over i. The resulting expression for M,

is the one entering Eq. (4.21).
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Appendix E

Wiener—Khinchin theorem

The content of this appendix is adapted from [86] (Y. Kinoshita, N. Uchida, and A. M. Menzel,
“Collective excitations in active solids featuring alignment interactions”, The Journal of Chemical

Physics 162, 054906 (2025)), with the permission of AIP Publishing. © (2025) AIP Publishing.

First, we define the function C,z(7;T) based on the real-valued stochastic variable x () via

Cop(t;T) = % /_Oodt Wr(t+1)xo(t+T)Wr(t)xp(2)) , (E.1)

[e9)

where Wr(¢) is arectangular window function defined in Appendix C. Moreover, we define the function

Sap(w;T) as
Sap(@: ) = 3 (Fal @ DT (@ 7)), E2)

Here, %, (w;T) is the quantity obtained from x, () via Fourier transformation in time. In fact,
it can be demonstrated that Cog(7;T) and S,p(w;T) are connected to each other through Fourier

transformations via

Sap(w;T) = / dt Cop(;T)e™ ", (E.3)

1 —iwT
Cop(7;T) =§/ dw Sep(w;T)e . (E4)

Finally, in the limit of 7 — oo, the function S,z (w; T) becomes the fluctuation spectrum S o5 (w),
while Cop(w;T) turns into the time correlation function Cog(7). Therefore, these two functions

satisfy
Sap(w) = / dt Cop(1)e’®T, (E.5)
1 o :
Cop(1) :ﬂ‘/ dw Sep(w)e™ 7. (E.6)

These relations are expressed by the Wiener—Khinchin theorem [110].
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