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Synchronization is a fundamental phenomenon observed in nature, where
coupled systems adjust their rhythms to achieve coherence. It plays a vi-
tal role in diverse areas, from biological systems like circadian rhythms and
neuronal activity to engineered systems such as power grids and wireless
networks. One intriguing aspect of collective dynamics of oscillators is the
emergence of chimera states, where synchronized and desynchronized re-
gions coexist within the same system. These states have profound implica-
tions for understanding brain function, diagnosing neurological disorders,
and improving the stability of complex networked systems.

Motivated by the intrinsic role of synchronization in brain networks, this
dissertation aims to investigate how frustration—introduced through phase
delays—affects the dynamics of coupled oscillator systems. The research fo-
cuses on uncovering the mechanisms that give rise to complex dynamical
behaviors, such as chimera states and metastability, and understanding how
these states transition under different conditions. To achieve this, the study
examines three distinct scenarios:

Nonlocally Coupled Oscillators with Repulsive Coupling: This study
explores the effects of frustration in nonlocally coupled oscillators with re-
pulsive interactions. By comparing these systems to Z2-symmetric directed
percolation, similarities such as absorbing state transitions and the dynamics
of incoherent regions are identified, alongside unique features like traveling
wave emissions from incoherent regions.
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Mobile Oscillator Systems: Extending the scope to mobile oscillators, the
second study examines how mobility influences synchronization. It is shown
that mobility changes the basin of attraction of the twisted states, stabilizes
those with small twisted numbers, and modifies spatiotemporal patterns by
dynamically altering coupling interactions. These findings bridge theoretical
insights with applications in mobile sensor networks and neuronal rewiring
dynamics.

Hierarchical Networks of Oscillators: The third study focuses on multi-
ple populations of oscillators interacting through hierarchical coupling struc-
tures. This framework reveals how hierarchical coupling facilitates metastable
dynamics, enabling transitions between synchronization and partial synchro-
nization. These findings are particularly relevant for understanding metasta-
bility in brain networks.

By addressing these scenarios, this dissertation contributes to a deeper
understanding of how frustration shapes synchronization and chimera state
in coupled systems, with broad implications for neuroscience, network engi-
neering, and other interdisciplinary fields where synchronization is critical.
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Chapter 1

Introduction

1.1 Basic conception

Synchronization is a ubiquitous phenomenon in nature, where coupled os-
cillators spontaneously adjust their rhythms to oscillate in unison. Synchro-
nization plays a crucial role in various biological, physical, and social sys-
tems [124]. For example, circadian clock [81, 87, 147], flashing fireflies [15],
the dynamics of cilia and flagella [44], gait pattern of animals and human
[25, 148], metabolic oscillations [26, 41], phytoplankton population oscilla-
tions [99], power grids [28, 29, 35, 103] and consensus formation in social
population [48].

The study of synchronization has been greatly facilitated by the concept
of phase oscillators. Phase oscillators are simplified models that capture
the essential dynamics of oscillatory systems, focusing on the evolution of
their phases while neglecting the amplitude variations. The most celebrated
model of phase oscillators is the Kuramoto model, proposed by Yoshiki Ku-
ramoto [74]. The Kuramoto model consists of a population of coupled phase
oscillators, each characterized by its natural frequency and coupled to others
through a sinusoidal interaction. The model has been widely studied due to
its mathematical tractability and its ability to capture the essence of synchro-
nization phenomena.

One of the key features of the Kuramoto model is the existence of a crit-
ical coupling strength, above which the oscillators spontaneously synchro-
nize. This synchronization transition is characterized by the emergence of a
collective rhythm, where the oscillators’ phases become locked, despite their
inherent frequency differences. The Kuramoto model has been extended in
various ways to incorporate more realistic features, such as time delays [4,
21, 31, 32, 62, 102, 109, 137, 149, 172], complex network topologies [8, 131,
136, 152, 175], and noises [6, 43, 60, 110]. These extensions have expanded
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the applicability of the model to a wide range of real-world systems, from
power grids to social networks.

The study of synchronization and phase oscillators has also led to the dis-
covery of intriguing dynamical phenomena, such as chimera states. Chimera
states are characterized by the coexistence of synchronized and desynchro-
nized regions in a network of identical oscillators. The emergence of chimera
states in phase oscillator models has attracted significant attention due to
their counterintuitive nature and potential implications for real-world sys-
tems.

Section 1.1 lays the foundation for understanding the collective behavior
of coupled oscillatory systems. By exploring the fundamental concepts and
models, such as the Kuramoto model, this section sets the stage for the inves-
tigation of more complex dynamical phenomena, including chimera states,
which are the focus of the subsequent sections.

1.1.1 Phase oscillators

Since our goal is to study the collective behavior of a network of oscillating
units, representing each unit as a high-dimensional dynamical system would
make the analysis excessively complex. A common solution is phase reduc-
tion, which transforms each oscillatory unit into a phase oscillator. This tech-
nique simplifies the description of complex oscillatory systems by focusing
on the essential dynamics of a single periodic phase variable for each unit,
significantly reducing the system’s dimensionality and facilitating the study
of collective dynamics (see review [5, 123]).

Denoting the variables Xi(i = 1, · · · , M) of a degree-M system undergo-
ing limit cycle oscillation as X, it can be described by the following differen-
tial equation:

dX
dt

= F(X) (1.1)

This equation has a stable periodic solution X(t) that revolves around a limit
cycle orbit in the state space with period T. By setting an appropriate starting
point on the orbit as phase θ = 0 and advancing time from there, the phase
increases, and when θ = 2π, it returns to the starting point and the phase
velocity can be defined as dθ/dt = 2π/T = ω (Fig. 1.1). The phase of an
arbitrary point X in phase space can be represented by θ(X) and the phase
velocity is

θ̇(t) = θ̇(X(t)) = ∇Xθ(X) · F(X) (1.2)
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On the limit cycle, θ gradually increases from 0 to 2π. However, when the
oscillator is perturbed, its state temporarily deviates from the limit cycle, ne-
cessitating an extension of the phase definition to points outside the limit cy-
cle. Since any trajectory starting within the attraction region of the limit cycle
will eventually asymptotically approach it, we consider that the set of initial
points that converge to the same state originally share the same phase. This
concept allows for the definition of isochrons in the phase space (Fig. 1.2).
Analytically, we can uniquely assign a phase to each point in the attraction
basin of the limit cycle, by defining ∇Xθ(X) · F = ω. However, it is rare to
obtain an analytical solution for the limit cycle in most cases. Practically, the
phase θ(X) of a given point can be determined numerically by comparing the
time it takes for that point to evolve and pass through a reference point with
the time taken by a point starting from the limit cycle.

FIGURE 1.1: Conceptual diagram of phase reduction.

When an oscillator with phase θ at state X0(θ) is perturbed and moved to
the position X = X0(θ) + I, we can define its phase response function.

g(θ; I) = θ(X0(θ)I)− θ (1.3)

Here, we consider weakly coupled oscillators, where "weak" means that for
each oscillator, the perturbation caused by external forces or internal cou-
pling is much smaller than the change in the oscillator’s own state variables.
So that it can be approximated by

g(θ; I) ≈ ∇Xθ(X)|X=X0(θ) · I = Z(θ) · I (1.4)
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FIGURE 1.2: The trajectories starting from two initial points
(red dashed lines) near the limit cycle (black line)
asymptotically approach the state of a trajectory starting from
a certain initial point on the limit cycle. Therefore, these three
points are considered to have the same phase. The set of all
such points forms an isochron (blue line).

where Z(θ) = ∇Xθ(X)|X=X0(θ) is call the phase sensitivity function. When a
large number of oscillators with similar intrinsic dynamics interact, the time
evolution of the i-th oscillator is as follows:

dXi

dt
= F(Xi) + δFi(Xi) + ∑

j
Vij(Xi, Xj) (1.5)

F(Xi) is the common dynamics of all oscillators with a stable periodic solu-
tion X(t). δFi(Xi) represents the small differences between oscillators. Vij(Xi, Xi)

is the interaction between oscillators, and we assume that the interaction is
weak and that the small differences and interactions between oscillators only
slightly alter the shape of the limit cycle orbit, with each oscillator moving in
the vicinity of the original limit cycle. According to Eq.( 1.2) the dynamics of
the phase is

θ̇i(t) = ∇Xθ(Xi) ·
{

F(Xi) + δFi(Xi) + ∑
j

Vij(Xi, Xj)

}

= ω +∇Xθ(Xi) ·
{

δFi(Xi) + ∑
j

Vij(Xi, Xj)

}
(1.6)
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By replacing Xi (whose phase is θ(Xi)) with the corresponding point on the
limit cycle that has the same phase X0(θi), we obtain

θ̇i(t) ≈ ω +∇Xθ(X)|X=X0(θi)
·
{

δFi(X0(θi)) + ∑
j

Vij(X0(θi), X0(θj))

}

= ω + Z(θi) ·
{

δFi(θi) + ∑
j

Vij(θi, θj)

}
(1.7)

Since the effects of coupling and inhomogeneity are sufficiently small, we can
perform an averaging approximation. By introducing a new phase variable
ϕi = θi − ωt that removes the constant rotation component ωt from each
phase θi, Eq.( 1.7) becomes

ϕ̇i(t) = Z(ϕi + ωt) ·
{

δFi(ϕi + ωt) + ∑
i=1

Vij(ϕi + ωt, ϕj + ωt)

}
(1.8)

Since the right-hand side is small, ϕi changes slowly, thus, if we fix ϕi at its
value at time t and average over a limit cycle period, then by reverting to the
original phase variable θi, we obtain the simplified phase equation:

θ̇i(t) = ωi + ∑
j

Γij(θi − θj) (1.9)

This function depends only on the phase difference, making the subsequent
analysis much easier.

The phase reduction technique has been widely used in the study of cou-
pled oscillators, as it allows for a tractable mathematical analysis of their
collective dynamics. By reducing each oscillator to its phase variable and
coupling them through the phase differences, we obtain a simplified model
that captures the essential synchronization properties of the system.

1.1.2 Synchronization and Kuramoto model

The Kuramoto model is a well-known model for explaining synchronization
phenomena. It consists of N phase oscillators with sine-type all-to-all (global)
coupling, where the phases follow the equation:

dθi

dt
= ωi −

K
N

N

∑
j=1

sin(θi − θj), i = 1, · · · , N. (1.10)
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K represents the coupling strength, and the natural frequency ωi of the i-th
oscillator follows a certain distribution g(ω). The state of the entire system
can be represented using the complex order parameter:

Z(t) = R(t)eiΘ(t) =
1
N

N

∑
j=1

eiθj(t) (1.11)

R(t) represents the degree of synchronization among the oscillators and is
similar to the magnetization in the 2D XY model. R = 0 corresponds to the
disordered state, while R = 1 corresponds to the state where the phases are
completely aligned. Θ represents the average phase. Using Equation (1.11),
the time evolution of the oscillators’ phases (1.10) can be written as:

dθi

dt
= ωi − KR sin(θi − Θ) (1.12)

This equation means that the i-th oscillator interacts with the order parame-
ters R and Θ, which represent the state of the entire system. As t → ∞, the
system reaches a dynamically steady state, and the order parameters become:

R = R(K), Θ = Ωt (1.13)

The average phase velocity Ω of the entire system is not related to the discus-
sion of synchronization, so it can be set to 0 without loss of generality. The
deviation of the phase from the average, ψi = θi − Θ, becomes:

dψi

dt
= ωi − KR sin ψi (1.14)

From Equation (1.14), it can be seen that the oscillators form two groups.
One group consists of oscillators with ωi < KR and moves with the same
phase velocity as the average phase velocity, i.e., ψ̇i = 0. The other group
consists of oscillators with ωi > KR and does not have a solution for ψ̇i = 0,
moving with a different phase velocity than the average phase velocity. The
steady-state distribution of the phases for the former group of oscillators
is ψi = sin−1(ω/KR). On the other hand, the phase distribution for the
latter group is determined by the observation that the time spent by each
oscillator is inversely proportional to its phase velocity. Summing up the
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two distributions, we obtain the phase distribution function n(ψ) that de-
pends on the distribution of the natural frequency g(ω). Using the rela-
tion W(t) =

∫ 2π
0 n(ψ)eiϕdψ or equivalently R =

∫ 2π
0 n(ψ) cos(ψ)dψ, a self-

consistent equation for R can be derived:

R = KR
∫ 2/π

−2/π
g(KR sin ψ)(cos2ψ)dψ (1.15)

From this, the critical coupling strength necessary for synchronization is ob-
tained:

Kc =
2

πg(0)
(1.16)

For example, if the natural frequency distribution g(ω) is Gaussian, the sys-
tem is non-synchronous with R = 0 for K < Kc. When K exceeds Kc, R
rises in proportion to (K − Kc)

1
2 , and a collective synchronization transition

occurs (Figure 1.3). The above Kuramoto model assumes that the oscillators

FIGURE 1.3: Dependence of the order parameter R on K in the
Kuramoto model.

are globally coupled; however, the properties of a phase oscillator system
strongly depend on the coupling scheme, including the coupling function,
coupling distance, and natural frequency. For example, nearest-neighbor (lo-
cal) couplings or short-range (non-local) couplings on a regular lattice are not
sufficient to induce synchronization transition. On the other hand, a long-
range coupling that decays with an inverse power of the distance induces
global synchronization if the exponent of the power law α satisfies α ≤ 3d/2,
where d is the spatial dimension [22], but a critical transition as found in the
Kuramoto model is realized only for α ≤ d [161].
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1.1.3 Chimera states

Chimera states are a fascinating phenomenon observed in networks of cou-
pled oscillators, where coherent and incoherent behaviors coexist within the
same system. The term "chimera" is inspired by the mythological creature
made up of disparate parts, reflecting the coexistence of distinct dynamical
behaviors [1, 73].

Fig. 1.4 illustrates a typical chimera state, where the oscillators are ar-
ranged in a ring. The coherent parts are on the sides of the figure, where
the oscillators have almost the same phase and frequency. In the middle of
the figure, the incoherent part is shown, where the oscillators have different
phases and drift at different frequencies.

The discovery of chimera states has spurred a series of new studies in the
field of nonlinear coupled oscillators. Chimeras have also been observed in
chemical [106, 107, 154, 158], mechanical [martens2013chimera_mechanical,
12, 67], optical [9, 140], electronic systems [40, 130]. On the other hand, theo-
retical research on chimera states, initially focused on one-dimensional ring
networks, has gradually expanded to include two and three-dimensional [70,
88, 114, 142], multilayer networks [42, 50, 51, 66, 86, 89, 117]. A substantial
body of research has investigated the effects of various coupling schemes and
parameters on chimera states, uncovering a wide range of different types of
chimeras.

Also, the discovery of chimera states has attracted significant attention
due to their potential implications in various fields. In neuroscience, chimera
states may offer insights into the mechanisms underlying brain disorders
characterized by the coexistence of synchronized and desynchronized neu-
ral activity. In power grids, understanding chimera states could help prevent
blackouts.

1.1.4 Different types of chimera states

As research on chimera states has progressed, researchers have discovered
various types of chimera states in different oscillatory systems, including
breathing chimera [2, 11, 78], alternating chimera [54, 90, 92] traveling chimera [101,
171], Amplitude mediated chimera [105, 138], amplitude chimera [7, 160, 173,
174], multichimera [63, 112, 113, 159], imperfect chimeras [67], spiral wave
chimera [70, 142].

Spiral wave chimera: In two-dimensional nonlocally coupled oscillator
systems, a chimera state can emerge consisting of coherent spiral waves with
an incoherent region at their center. This phenomenon was first discovered
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FIGURE 1.4: Spatial patterns of the phase θ in 1D and 2D
chimera states. (a)1d chimera state, composed of an incoherent
region (middle) and a coherent region (edge). (b) Spiral wave
chimera state in 2d with incoherent cores.

by Shima and Kuramoto in [142]. The authors observed a critical radius
within which the oscillators are incoherent and outside of which they are
coherent. They also realized that the same phenomenon occurs in the dis-
tribution of the mean frequency. The frequency patterns are divided into
two parts: in the outer region, the oscillators have the same frequency, while
in the inner region, they have distributed frequencies. Kim and others fur-
ther investigated these spiral patterns [70]. They studied the effect of phase-
lagged coupling on the dynamics of a two-dimensional coupled oscillator
array. They examined the following equation over the entire range of phase
shifts α and found that varying α leads to various interesting spatial patterns.

dθij

dt
= ω0 −

K
N(R) ∑

rmn,ij≤R
sin(θij − θmn + α) (1.17)

Here, N(R) shows the number of the neighbors of each oscillator within a
finite distance R. This is a 2D version of the non-local Kuramoto-Sakaguchi
model. Figure 1.4(b) shows an example of phase patterns with system size
N = 1002, R = 6, α = 0.25π.

Multichimera: Omelchenko et al. discovered that enhancing the cou-
pling between phase oscillators can lead to the formation of multiple coher-
ent regions within the incoherent regions, which they termed multi-chimera
state [113]. They considered a ring of nonlocally coupled FitzHugh-Nagumo
(FHN) oscillators with both direct and cross-coupling. For smaller values of
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coupling strength, this network exhibited classic chimera states with one co-
herent and one incoherent region. Increasing the coupling strength resulted
in the formation of multiple incoherent regions. Multi-chimera states have
also been found in nonlocally coupled Van der Pol oscillators [112], coupled
pendulums [63], and networks of leaky integrate-and-fire models [159]. We
will further explain the multichimera state in Section. 1.2.

1.1.5 Chimera state in neuronal system

The human brain contains as many as 86 billion neurons [56]. These neurons
form networks and repeatedly fire, sending signals to each other, which is
fundamental to brain function. We can consider each neuron as a periodically
firing oscillating element, the synchronization and desynchronization of neu-
ron populations play crucial roles in various processes. Some studies have
shown the appearance of chimera states in neuronal networks, where the
synchronized and desynchronized states coexist in the neuronal system [10,
65, 94, 141, 167]. They are classified into the following categories.

Bump state: Chimera state can potentially explain the "bump state" where
synchronized neurons with constant firing rates at some spatial location and
desynchronized neurons at other spatial positions. This state is crucial for
many processes in the brain such as the operation of head direction cells [61].

Unihemispheric sleep: Another piece of evidence for chimera states is
the unihemispheric slow-wave sleep. This is observed in some migratory
birds and aquatic mammals like dolphins, where one brain hemisphere sleeps
while the other remains awake [104, 127, 128]. This means they only shut
down one brain hemisphere and close the opposite eye. At the same time, the
other half of the brain monitors what is happening in the environment (for
migratory birds) and controls breathing functions (for aquatic mammals). In
this case, the neurons in the sleeping part of the brain oscillate synchronously,
while the neurons in the awake hemisphere oscillate asynchronously.

Brain diseases: The synchronization and desynchronization of neurons
are also related to brain diseases. For example, Parkinson’s disease is said
to occur due to the synchronization of neurons in the basal ganglia [14, 55].
Conversely, Alzheimer’s disease is associated with a reduction in brain wave
synchronization [72]. Epilepsy occurs when local synchronization increases
while long-range synchronization decreases [19, 27].
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1.2 Non-local Kuramoto-Sakaguchi model on a ring
with a phase lag

In this section, we will discuss the properties of the Kuramoto-Sakaguchi
model with a phase lag in the non-local coupling. Consider N coupled iden-
tical Kuramoto-Sakaguchi oscillators on a one-dimensional ring, whose dy-
namical equations are as follows:

ϕ̇(x, t) = ω0 − ∑
x′

g(x − x′) sin
(
ϕ(x, t)− ϕ(x′, t) + α

)
, (1.18)

where ϕ(x, t) represents the phase of the oscillator at x = 1, 2, ..., N at time t.
The intrinsic phase velocity ω0 is constant and set to zero without losing gen-
erality by the transformation ϕ → ϕ−ω0t. α in eq. (1.18) represents the phase
lag, which, combined with the non-local coupling, introduces frustration into
the system, leading to a variety of intriguing patterns. This model general-
izes the original model introduced by Sakaguchi and Kuramoto [133], where
a global coupling g(x) = 1/N is assumed, to an arbitrary coupling func-
tion g(x). For convenience in numerical simulations, we use the following
coupling function:

g(x)


=

1
2R

(|x| ≤ R),

= 0 (|x| > R).
(1.19)

where R is the coupling range. This system has two apparent solutions:
global phase synchronization

ϕ(x, t) = Ωt, (1.20)

and the twisted state
ϕ(x, t) = Ωt +

2πq
N

x. (1.21)

where q is an integer with |q| < N−1
2 . We will call q the winding number in

the rest of the paper. In phase synchronization, all oscillators have the same
phase, while the twisted state refers to a situation where each pair of neigh-
boring oscillators maintains a constant phase difference. In both of these
states, the oscillators drift at the same frequency, and therefore, they are re-
ferred to as coherent states.

For α < 0.5π, the coupling is attractive. If α is sufficiently small, the sys-
tem that started from a random initial condition eventually reaches a coher-
ent state. When α exceeds a threshold, the frustration destroys coherence and
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FIGURE 1.5: The phase profiles for (a) global synchronized
state, (b) twisted state with q = 1, (c) twisted state with q = 2.

forms a chimera state or a multichimera state with many coherent and inco-
herent regions [91]. For a repulsive coupling, i.e. α > 0.5, we find coexistence
of twisted states with positive and negative phase differences separated by
incoherent strips [84].

1.2.1 Attractive coupling

For α = 0, i.e., no frustration, this model reduces to the Kuramoto model with
uniform natural frequency, which has been researched extensively. In 2006,
Wiley and colleagues investigated the ease of reaching the synchronized state
in a population of oscillators [169]. They examined the basin of attraction of
each fixed point in the system described by eq. (1.18). In the case of global
coupling with a normalized coupling distance r = R/N = 0.5, the system
eventually reaches global synchronization, regardless of the initial state. In
this case, global synchronization of the oscillators is the only attractor in the
phase space. As r decreases, new stable fixed points emerge when r falls be-
low a critical value rc = 0.34. The q = ±1 twisted states become stable first.
As r decreases further, twisted states with other values of q also become sta-
ble. The basin of attraction of a fixed point is the set of states that converge to
that fixed point. The larger the basin of attraction, the higher the probability
that the system, starting from a randomly chosen initial state, will reach that
fixed point.

When 0 < α < 0.5π, frustration under specific parameters can lead to the
emergence of chimera states. The paper [91] investigated the dependency
of chimera states on r and α. When α is small or the coupling is global, the
coherent state is stable. As α approaches 0.5π, multichimera states with h in-
coherent domains occur, and the number of h increases as r decreases. When
r becomes sufficiently small, a complex multi-chimera state with numerous
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dynamically generating and annihilating incoherent domains emerges, re-
ferred to as phase turbulence in reference [30]. Next, I will introduce the
multichimera states when r ≪ 1 and the coherence-multichimera transition
induced by changes in α [68].

In [68], Kawase and Uchida distinguished the states of the oscillators us-
ing the phase difference between adjacent oscillators

∆x =
ϕx+1 − ϕx

π
. (1.22)

Domains where the phase difference is close to 0 indicate that the oscillators
in that domain are phase-synchronized. Fig. 1.6(a) shows a spatiotemporal
plot of the absolute value of the phase difference. In this plot, the horizontal
axis represents the time evolution, and the vertical axis represents the posi-
tions of the oscillators on a one-dimensional ring. The plot reveals the pres-
ence of incoherent domains with large |∆x| (red) and coherent domains with
small |∆x| (blue). The spatial profile of |∆x| along the white line is shown in
Fig. 1.6(b). When we fix the coupling distance and gradually increase α, the

FIGURE 1.6: The multichimera state for
N = 512, R = 5, α = 0.45π. (a) The spatiotemporal pattern of
the absolute value of the phase difference between neighbor
oscillators |∆X|. (b) The spatial profile of the phase difference
along the white line in (a), where regions with large phase
differences (red) correspond to incoherent domains and
regions with small phase differences (blue) correspond to
coherent domains. Reused from Ref. [68] with permission of
the authors.

system transitions from a coherent state to a multichimera state at a critical
value αc. Fig. 1.7 shows the spatiotemporal plots of the system at different
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FIGURE 1.7: Spatiotemporal patterns of the phase difference
|∆x|. For N = 512, R = 5. (a) α = 0.43π, coherent state. (b)
α = 0.44π, bifurcating incoherent domains and numerous
traveling waves. (c) α = 0.45π, a multi-chimera state with
numerous incoherent and coherent domains. Reused from
Ref. [68] with permission of the authors.

values of α: (a) α = 0.43π, where the system enters a coherent state after an
initial relaxation phase; (b) α = 0.44π, where bifurcated incoherent domains
and propagating waves emerge; (c) α = 0.45π, where a state of coexistence
between coherent and incoherent domains is observed. This type of change
in the spatiotemporal plot of the system with varying α is referred to as the
coherent-multichimera transition.

1.2.2 Analogy to directed percolation

These spatiotemporal patterns are similar to those of directed percolation
phenomena, particularly in terms of the emergence of spatially disordered
structures and bifurcating structures beyond a certain threshold.

Directed percolation (DP) refers to phenomena such as the downward
infiltration of water in porous rocks due to gravity, the spread of forest fires,
or infectious diseases [57]. Consider a square lattice, where each lattice point
can be in one of two states: active (A) or inactive (I), with bonds between
neighboring lattice points. In the case of porous rocks, the active state (A)
corresponds to wet holes, and the inactive state (I) corresponds to dry holes.
The connectivity of the system, i.e., the probability that a bond between any
two lattice points is open, is denoted by p. The problem here is whether there
exists an infinitely long path along open bonds starting from the origin. It is
clear that when p = 0, such a path does not exist, and when p = 1, there are
infinitely many such paths. However, how the probability of the existence
of such a path changes for intermediate values of p is nontrivial. In reality,
a continuous phase transition occurs at a threshold value p = pc, where the
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probability of the existence of an infinitely long path changes from 0 to non-
zero. This model is called the bond DP.

To introduce the phase transition of DP, we use the simplest (1+1) dimen-
sional Domany-Kinzel model (one spatial dimension, one temporal dimen-
sion). Fig. 1.8 shows a schematic diagram of the DK model. Each site si lined

FIGURE 1.8: Configuration of (1+1)-dimensional
Domany-Kinzel model and its transition probabilities

up horizontally can be in one of two states: active (black) or inactive (white).
The system evolves downward in time, and the state of the i-th site at time
t + 1 is determined by the states of the i − 1-th and i + 1-th sites at time t.
The transition probability P(si,t+1|si−1,t, si+1,t) of the Domany-Kinzel model
is given by the following equations.

P(I|I, I) = 1 (1.23)

P(A|A, A) = p2 (1.24)

P(A|I, A) = P(A|A, I) = p1 (1.25)

From eq.( 1.23), it can be seen that if all sites become inactive, the system can-
not escape from that state. This state is called an absorbing state. Eq. (1.24)
means that there is a probability of 1 − p2 for an inactive region to occur
within an active region. Eq. (1.25) indicates that the boundary between active
and inactive regions fluctuates. In special cases of the Domany-Kinzel model,
setting p2 = p1(2 − p1) corresponds to the bond DP, and setting p2 = p1

corresponds to the so-called site DP. Fig. 1.9 shows an example of (1+1) di-
mensional site DP. Starting from a random initial state, the active sites (black)
percolate downward along the time axis with a transition probability p. This
system shows an inactive phase where percolation stops at a certain time for
pc and an active phase where percolation continues indefinitely for p > pc.
This is called an absorbing state transition. Letting ρ(t) ∈ [0, 1] denote the
fraction of active sites in the entire system, after a sufficiently long time, ρ(t)
becomes 0 in the inactive phase and converges to a certain value ρ∞ in the
active phase. ρ∞ changes continuously with p, and near the transition point,
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FIGURE 1.9: (1+1)-dimensional site DP. From left to right,
inactive phase, transition point, and active phase, respectively.

ρ∞ follows a power law.
ρ∞ ∼ (p − pc)

β (1.26)

Additionally, the characteristic length scales in the spatial and temporal di-
rections, ξ⊥ and ξ∥ can be represented by the average size of the inactive
regions in the active phase. These scales, like ρ∞, have the following rela-
tionships with p and diverge at the transition point.

ξ⊥ ∼ |p − pc|−ν⊥ , ξ∥ ∼ |p − pc|−ν∥ (1.27)

These three critical exponents (β, ξ⊥, ξ∥) characterize the critical behavior of
the DP universality class, and other critical exponents are related to these
three through scaling relations. Numerical calculations yield the critical ex-
ponents of (1+1) dimensional DP as β = 0.276486, ξ⊥ = 1.096854, ξ∥ =

1.733847 [57]. DP is a representative example of nonequilibrium phase tran-
sitions, and various systems, such as the Domany-Kinzel model, the contact
process, and the Ziff-Gulari-Barshad model, belong to the DP universality
class. In experimental systems, the transition from laminar flow to turbu-
lence in Navier-Stokes fluids [82, 134] and the transition between two turbu-
lent phases in liquid crystal electroconvection [150] can also be understood
as DP absorbing state transitions.

Comparing the spatiotemporal patterns of the DP and KS models reveals
very similar characteristics between the two:

1. Both models have two fundamental states: active/incoherent and inac-
tive/coherent.
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2. Both models have an absorbing state. When all sites become inac-
tive/coherent, the system cannot escape from this state.

3. Both models exhibit phase transitions based on the parameters p (for
DP) and α (for KS).

In Ref. [68] the authors discretized each oscillator’s state into three categories:
synchronized regions (s), asynchronous regions (a), and traveling waves (w).
The three states are defined as follows:

|∆(x, t)| ∈ [0, ∆1], (s) (1.28)

|∆(x, t)| ∈ [∆1, ∆2], (w) (1.29)

|∆(x, t)| ∈ [0, ∆1], (a) (1.30)

The thresholds used were ∆1 = 0.1, ∆2 = 0.3. They measured the critical

FIGURE 1.10: (a) The time evolution of the fraction of
incoherent regions ρa(t). For α ≤ αc = 0.439, ρa(t) decays to 0
over time, while for α > αc, it fluctuates around a certain value
ρ∞. (b) The α − αc dependence of the fraction of incoherent
regions ρ∞ in the steady state after a long period of time.
Reused from Ref. [68] with permission of the authors.

behavior of the coherent-multichimera transition and compared it with the
transition behavior of directed percolation. Fig. 1.10(a) shows the time evo-
lution of the spatial fraction of incoherent regions ρa(t). For α ≤ αc = 0.439,
ρa(t) decays to 0 over time, whereas for α > αc, it fluctuates around a certain
value ρ∞. Fig. 1.10(b) shows the α − αc dependence for α > αc. Near the
transition point, it follows a power law,

ρ∞ ∼ (α − αc)
βα , βα = 2.21 ± 0.09 (1.31)
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This value is significantly larger than the corresponding critical exponent
βDP ≈ 0.277 for (1+1) dimensional DP. The difference can be attributed to the
traveling waves, which collide and reinstate incoherent regions (see Fig. 1.10(b)).

1.2.3 Repulsive coupling

In systems with repulsive interactions, twisted states can occur, and their
linear stability was analyzed by Girnyk et al. in 2012 [45]. They found that
for α = π, only twisted states with larger values of the winding number are
stable. Furthermore, when the coupling distance is very small, two types of
twisted domains with a phase difference of ∆ = ±2πq/N can appear, with
transition regions between them. This is referred to as the multi-twisted state
(fig. 1.11). It is worth noting that, in this situation, all the oscillators have the
same frequency.

FIGURE 1.11: A snapshot of the phase ϕ (left) and phase
difference ∆ (right) in a multi-twisted state for repulsive
coupling. N = 500, r = 0.1, α = π.

For the case of 0.5π < α < π, it was studied in ref. [91]. The authors found
that as α decreases from π, the frequency of some oscillators, which were
originally oscillating at the same frequency, begins to drift, leading to the
occurrence of multichimera states. As α continues to decrease, the number of
incoherent domains in the multichimera state gradually increases. However,
in this study, the authors did not focus on the case for r ≪ 1. We found that
for r = R/N ≪ 1, the system shows very rich behavior, which will be further
discussed in Chap. 2.

1.3 Mobile oscillators

Although most research so far has focused on oscillators fixed in space or
oscillators on network structures, some studies have focused on an interest-
ing special case: mobile oscillators, which move through space and whose
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coupling partners can change over time due to their movement. The re-
search on mobile agents can be traced back to the Vicsek model. In this
model, self-propelled agents interact with each other and align their moving
directions (phases), which has been used to study animal groups such as fish
schools and bird flocks. With the development of research in the field of cou-
pled oscillators, the case of moving agents being phase oscillators has grad-
ually attracted attention due to its potential applications in various fields,
such as chemotactic elements [151], robotics [16, 23], and wireless sensor net-
works [143].

In the past decade, numerous studies have emerged investigating the im-
pact of mobility on oscillator synchronization [17, 38, 39, 47, 93, 111, 118,
121, 122, 145, 163, 165]. For example, the authors of Ref. [163] elucidates a
simple case of mobile oscillators’ motion and dynamics. N phase oscillators,
each occupying the position of a node in a 1d lattice of size N are considered.
Nodes can interact with their neighbors within a radius R, and mobility is
introduced by swapping positions with one of the nearest neighbors at ran-
dom times. These random times are generated by a Poisson distribution with
rate λ, which is independently distributed. The system can be described by
the dynamics of locally coupled oscillators in a rotating reference frame as
follows:

dϕi

dt
=

κ

ni
∑

|xi′−xi|≤R
sin (ϕi(t)− ϕi′(t)) , (1.32)

where ϕi is the phase of ith oscillator, r is coupling range, ni is the size of the
interaction neighborhood, and κ is the coupling strength. The initial phases
are uniformly randomly distributed within the interval [0, 2π]. The bound-
ary conditions are non-periodic, so oscillators at the boundaries can only in-
teract and exchange positions with neighbors on one side.

The model comprises two time scales: 1/κ accounts for the phase dy-
namics, and 1/λ represents the motion dynamics. Therefore, the parameter
λ/κ is representative of the interplay of two time scales. For κ = 1, R =

1, N = 100, the snapshot of spatial phase profile is shown in Fig. 1.12. Due to
the chosen boundary conditions, oscillators starting from a random distribu-
tion of initial phases gradually move towards phase synchronization, passing
through snaky phase patterns containing multiple spatial modes with differ-
ent wavelengths. For non-mobile nodes, i.e., λ/κ = 0, the transition to syn-
chronization is very slow. When dealing with mobile oscillators, as the value
of λ/κ increases, the patterns are dominated by longer wavelength modes.
For high values of the λ/κ coefficient, the snaky patterns do not appear, and
the oscillators quickly move towards complete synchronization. Intuitively,
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as the value of the λ/κ parameter increases, the time that neighboring oscil-
lators remain coupled together before exchanging positions becomes shorter.
This prevents neighboring oscillators from aligning their phases before mov-
ing elsewhere; however, the chances to encounter and interact with other os-
cillators also increase, and overall, mobility accelerates the synchronization
process, causing all phases to quickly converge to the population’s average
phase.

FIGURE 1.12: Snapshot of spatial phase profile. (a)λ/κ = 0,
(b)λ/κ = 10, λ/κ = 104. Reprinted figure with permission
from Ref. [163].

To characterize this transient dynamics, one can use the correlation func-
tion ρ between two lattice sites

ρ(d, t) = ⟨cos(ϕk+d(t)− ϕk(t))⟩k . (1.33)

It quantifies the average correlation of two phases at a distance d. If ρ ≈ 0,
then the two phases at this distance are uncorrelated; if ρ = ±1, they are
correlated. The time evolution of ρ(d, t) reflects the dynamics of the system
as it relaxes to the synchronized state. The correlation function ρ follows an
exponential function 1 − ρ = e−t/Tc , where Tc is the relaxation time. It has
been shown that mobility affects the characteristic time in an intermediate
range: between λ/κ = 1 and the onset of mean-field behavior (very high
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λ/κ). In this range, Tc satisfies

Tc ≈
N2

π2κ

1
1 + λ/κ

. (1.34)

For very high mobility, Tc ≈ 0.5, indicating that the oscillators behave as a
mean-field system. For low mobility, Tc depends strongly on system size. By
comparing the characteristic time Tc in the mobile oscillator system with that
of nonmobile oscillators with a coupling range, one can obtain an effective
coupling range of mobile oscillators

Re =
−3 +

√
49 + 48λ/κ

4
, (1.35)

in the regime where the longest spatial mode keeps its sinusoidal shape, i.e.,
for (λ/κ)/N2 ≪ 1. This result demonstrated that mobility is equivalent
to increasing the effective coupling distance between oscillators, thereby en-
hancing synchronization.

Besides, many other research contribute to this field. Ref. [118] inves-
tigated the impact of mobility on locally coupled moving phase oscillators
affected by noise on a one-dimensional ring and showed that mobility can
destabilize twisted solutions and enhance synchronized solutions. Ref. [121]
studied systems with delay coupling and found that mobility can lead to the
occurrence of chimera states. Ref. [111] considered cases where the move-
ment and phase of oscillators can mutually influence each other and dis-
covered various swarming and synchronization patterns. However, little is
known about the combined effects of phase lag and mobility on twisted and
chimera states. Recently, two studies have considered phase lag. Ref. [165]
demonstrated the transition between synchronous states and chimera states
with one or two coherent regions, while Ref. [145] demonstrates that posi-
tional disorder among oscillators, introduced as static (quenched) random-
ness or dynamic random motion (diffusive or ballistic), disrupts synchrony
and promotes the stability of chimera states in a nonlocally coupled oscillator
array. These papers focus on systems with the phase lag α close to 0.5π, and
a study spanning a wide range of α is still lacking.
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1.4 Contributions of the dissertation

The purpose of this study is to explore the effects of frustration in coupled
oscillator systems and to deepen our understanding of how frustration in-
fluences complex dynamical behaviors, particularly with regard to chimera
states and applications in neuroscience. This dissertation examines the fol-
lowing three scenarios: (1) the impact of frustration on the dynamics of os-
cillators with nonlocal repulsive coupling, (2) the combined effects of frus-
tration and mobility when oscillators can move in space, and (3) the role of
frustration in hierarchical network structures composed of multiple popu-
lations of oscillators. The findings indicate that frustration induces a wide
variety of rich dynamical behaviors under different conditions, which have
significant implications for physical, engineering, and biological systems.

The structure of this dissertation includes both a literature review and
original research: Chapters 1 and 4 serve as background introductions and
reviews of previous studies, while Chapters 2, 3, and 5 present the author’s
original contributions. Chapter 1 introduces the fundamental theories of
coupled phase oscillators, synchronization, chimera states, and mobile os-
cillators, providing the necessary theoretical framework for the subsequent
research. Chapter 2 investigates the effects of frustration in systems with
nonlocal repulsive coupling. The study reveals similarities between the os-
cillator dynamics under this coupling and directed percolation phenomena.
Chapter 3 examines the combined effects of frustration and mobility when
oscillators can move in space. This study provides new insights into synchro-
nization in mobile devices with delayed communication and neuronal net-
works with rewiring. Chapter 4 reviews the application of the Ott-Antonsen
reduction method in analyzing complex oscillator systems and discusses the
research progress of coupled oscillator systems in neuroscience. Chapter 5
explores the effects of frustration in multi-population oscillator systems, fo-
cusing on how these systems behave in hierarchical network structures and
their metastable properties. This research offers a theoretical basis for under-
standing how different regions of the brain transition between partial syn-
chronization and desynchronization.

Through these studies, this dissertation not only deepens the understand-
ing of the relationship between coupled oscillator systems and frustration ef-
fects but also makes significant contributions to the practical applications of
these systems in neuroscience and the study of chimera states.
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Chapter 2

A ring of nonlocally coupled
oscillators with a repulsive
coupling

In this chapter, we explore the dynamic behaviors of a ring of nonlocally cou-
pled oscillators under repulsive coupling, focusing on the effects of phase lag.
The chapter begins with a linear stability analysis of twisted states, examin-
ing their stability range under varying system parameters. Next, we inves-
tigate the spatiotemporal patterns that emerge as the phase lag changes. We
then draw parallels between these patterns and directed percolation models,
particularly the Z2-symmetric directed percolation (DP2), emphasizing their
similarities and differences. Finally, we discuss the critical behavior observed
near the transition point and examine the resurgence of multichimera states
under specific conditions.

The content of this chapter is adapted from the author’s published work:
B. Li and N. Uchida, Phys. Rev. E 104, 054210 (2021). DOI: 10.1103/Phys-
RevE.104.054210

2.1 Linear stability analysis

In this chapter, we discuss the stability of the twisted state through linear
stability analysis. The linear stability for the case of α = 1 and for any α

in finite-sized systems has been investigated in previous studies [45, 100].
However, in this study, we generalize it to the continuous limit N → ∞ for
any α.

First, we add a small perturbation to the solution of the twisted state
(1.21):

ϕ(x, t) = Ωt + Qx + ∑
K

AKeiKx+ΛKt, Q =
2πq
N

(2.1)
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where the coefficient AK ≪ 1, and ΛK is the linear growth rate for the
wavenumber K = 2πk/N. The summation is taken over k = 1, 2, · · · , N − 1.
By substituting this into eq. (1.18) and linearizing, the zeroth-order term of
the perturbation is

Ω = − 1
2R

R

∑
s=−R

s ̸=0

sin(−Qs + απ), (2.2)

and the first-order term is

∑
K

ΛK AKeiKx+ΛKt = − 1
2R

R

∑
s=−R

s ̸=0

cos(−Qs + απ)∑
K

AKeiKx+λt(1 − eiKs) (2.3)

where s = y − x. From eq. (2.3), taking the real part of both sides, the linear
growth rate of the perturbation can be written as

ReΛK = − 1
2R

cos απ
R

∑
s=−R

s ̸=0

cos Qs (1 − cos Ks) . (2.4)

Note that the sign of ReΛK does not depend on α in the interval 0.5π < α ≤
π. Fig. 2.1(a) shows the normalized linear growth rate ReΛK/(− cos απ) for

FIGURE 2.1: (a) Normalized linear growth rate
ReΛK/(− cos απ). (b) Phase velocity Ω of the twisted state.
The dashed lines indicate the linear stability range
0.215 < |Q|/π < 0.323. Figures are reprinted from [84].
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FIGURE 2.2: Linear stability range of Q for each coupling
distance R.

R = 5. The twisted state is linearly stable when ReΛK < 0 for all wavenum-
bers K. The stability range is approximately given by 0.215π < Q < 0.323π.
Fig. 2.2(b) shows the phase velocity Ω for R = 5. The sign of Ω changes
with the value of Q, and it is always positive within the range of Q where the
twisted state is linearly stable. As the phase delay α approaches 1, the abso-
lute value of Ω converges to 0. Additionally, it can be shown that the stable
range of Q becomes narrower as R increases (Fig. 2.2). This is considered to
be due to the increased frustration as the number of interacting oscillators
increases.

2.2 Spatiotemporal pattern

In this study, we used the Runge-Kutta method, with a coupling distance
of R = 5 and a number of oscillators N = 10000. Therefore, r = R/N =

5 × 10−4 ≪ 1. We numerically integrated equation (1.18) with a time step of
∆t = 0.01. The initial phases were given as uniform random numbers in the
range (−π : π], and periodic boundary conditions were used.

For several values of α, the spatial profiles and histograms of the phase
difference between neighboring oscillators ∆(x, t) = (ϕ(x+ 1, t)−ϕ(x, t))/π

are shown in Fig. 2.3. For α = 0.5π, ∆(x) is randomly distributed (Fig. 2.3(a)(b)).
As α increases, a chimera state appears where twisted and incoherent re-
gions coexist (Fig. 2.3(c)). Two types of twisted regions with positive and
negative phase differences alternately appear, with incoherent regions in be-
tween. The distribution of ∆(x) has two peaks within the linear stability
range (Fig. 2.3(d)). As α increases further, the twisted regions expand, and
the distribution of ∆(x) becomes sharper (Fig. 2.3(e)-(h)). Near the bound-
ary between incoherent and twisted regions, ∆(x) oscillates and converges
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FIGURE 2.3: Spatial profiles (left) and histograms (right) of
∆(x). (a)(b) α = 0.5π, (c)(d) α = 0.65π, (e)(f) α = 0.70π, (g)(h)
α = 0.73π. (a)(c)(e) show only 150 oscillators in part of the
system. (g) shows the entire system. Insets are magnifications
of the boundary between two twisted regions. The dashed
lines in histograms (d)(f)(g) indicate the linear stability range
0.215 < |∆| < 0.323. Figures are reprinted from [84].



Chapter 2. A ring of nonlocally coupled oscillators with a repulsive
coupling 27

to a stable value in the twisted region, similar to the Gibbs phenomenon in
Fourier series (Fig. 2.3(h), inset).

The spatiotemporal patterns of the phase difference ∆(x, t) are shown in
Fig. 2.4(a)-(l). Yellow and light blue indicate twisted regions with positive
and negative phase differences, respectively, with narrow incoherent regions
present. For α ≤ 0.74π, pair creation and annihilation of incoherent regions
(separation and merging of twisted regions) are observed. For α > 0.74π,
various patterns, such as traveling waves and wavy patterns with constant
speed, were observed. These will be analyzed and classified in the following
sections.

2.3 Directed percolation with two absorbing states

The Z2-symmetric directed percolation (DP2) is an extended model from the
previous DP model, with examples including the monomer-dimer model,
cellular automata, and the non-equilibrium Ising model [58]. In DP2, each
site can be in an active state A or one of two inactive states I1 or I2. The
system evolves over time according to the following rules:

1. From an active region, two inactive sites I1 and I2 are generated with
equal probability.

2. The boundary between active and inactive regions fluctuates.

3. An active site A is generated at the boundary between two different
inactive regions I1 and I2.

Rules 1 and 2 are direct extensions of the DP rules, where active and inactive
regions compete, resulting in a phase transition. Rule 3 is unique to DP2,
which distinguishes between the two types of inactive regions. The transition
probabilities of the extended Domany-Kinzel model are defined as follows
(i = 1, 2):

P(Ii|Ii, Ii) = 1 (2.5)

P(A|A, A) = 1 − 2P(Ii|A, A) = p2 (2.6)

P(A|Ii, A) = P(A|A, Ii) = p1 (2.7)

P(A|I1, I2) = 1 (2.8)

Equations (2.5)–(2.7) extend equations (1.23)–(1.25), and the newly added
equation (2.8) corresponds to rule 3. The spatiotemporal patterns when p2 =



Chapter 2. A ring of nonlocally coupled oscillators with a repulsive
coupling 28

FIGURE 2.4: (a)-(k): Spatiotemporal patterns of the phase
difference ∆(x, t) for various α. The figures show only 1000
oscillators in part of the system. Yellow and light blue indicate
twisted regions with positive and negative phase differences,
respectively, with incoherent regions at their boundaries. The
arrows in (d) indicate boundaries of regions with slightly
different same-sign phase differences, and the circles indicate
the approach and subsequent repulsion of two incoherent
regions after some time interval. Figures are reprinted
from [84].
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FIGURE 2.5: Spatiotemporal patterns of the Domany-Kinzel
model with two types of absorbing states. Yellow and light
blue represent the two types of inactive sites, and black
represents the active sites at their boundaries.

p1 = p are shown in Figure 2.5. Yellow and light blue correspond to the two
types of inactive regions, with a narrow active region in black at their bound-
aries. In the inactive phase with p < pc, the system reaches an absorbing
state where either I1 or I2 occupies all sites. A significant difference between
this system and DP is that the proportion of active sites in the inactive phase,
ρ, decays as a power function ρ(t) ∼ t−1/2 in DP2, compared to exponential
decay in DP. Viewing the time evolution of inactive sites as the trajectory of a
single particle, the change in ρ(t) can be attributed to pair creation (A → 3A)
and pair annihilation (2A → ∅), with the power exponent −1/2 interpreted
as the diffusion of particles being a random walk.

The occurrence of active sites between the two absorbing states makes the
system more likely to remain active compared to regular DP, expanding the
parameter range of the active phase. When starting from an initial state with
only one active site and all other sites inactive, the probability P(t) that the
active region generated from that one site remains active at time t and the
mean square displacement R2(t) from the origin follow:

P(t) ∼ t−δ, R2 ∼ tz (2.9)

with critical exponents δ and z related to β, ξ⊥, and ξ∥ by:

δ =
β

ν∥
, z =

2ν⊥
ν∥

(2.10)
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Numerical simulations for one-dimensional DP2 yield critical exponents δ =

0.285, z = 1.15, and β = 0.90 [58]. It is important to note that the symme-
try between the two absorbing states is a necessary condition for the DP2
universality class. If this symmetry is broken (for example, if P(A|I1, A) ̸=
P(A|A, I2) in equation 2.7), the critical exponents revert to those of regular
DP.

2.4 Discretization of oscillator states

To compare the system eq. 1.18 with DP2, it is necessary to define discrete
state variables. Therefore, we distinguish between twisted regions and inco-
herent regions using the local standard deviation of phase differences:

σ∆(x, t) =

√√√√ 1
2R

x+R−1

∑
y=x−R

[∆(y, t)− ∆]2 (2.11)

We define a site x as being in a twisted state when σ∆(x) < δc, and in an inco-
herent state when σ∆(x) > δc. We chose a threshold δc of 0.1, approximately
the width of the linear stability range.

The discrete state variable s(x, t) is then represented as follows: twisted
sites with positive and negative phase differences ∆(x) are denoted as s(x, t) =
1 and s(x, t) = −1, respectively, and incoherent sites are denoted as s(x, t) =
0. Fig. 2.6 shows an example of the spatiotemporal pattern after discretiza-
tion. Notably, traveling waves can be emitted from incoherent regions at a
constant speed (indicated by arrows in the figure). Additionally, the phase
differences in the twisted regions on both sides of the traveling wave have the
same sign, meaning they do not serve as boundaries of the twisted regions.
This is a feature not seen in DP2.

2.5 Similarities to absorbing state transitions

The spatiotemporal patterns for α < 0.79π (Fig. 2.4(a)-(e)) exhibit features
similar to DP2 in the following ways:

1. An incoherent region always exists between twisted regions with op-
posite signs, and the proportion of the system occupied by incoherent
regions changes due to pair creation and annihilation.
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FIGURE 2.6: Spatiotemporal pattern after discretization for
α = 0.70π. Black: s = 0 (incoherent), white and gray: s = ±1
(twisted). Pair creation and annihilation of incoherent regions
are indicated by red circles, and arrows indicate the emission
of traveling waves. Figures are reprinted from [84].

2. As α increases, the proportion of incoherent regions decreases and dis-
appears at a certain threshold.

At the same time, as shown in Fig. 2.4(d), there are differences such as the
presence of slightly different same-sign phase differences within a single
twisted region, and the approach and repulsion (rather than annihilation)
of two incoherent regions.

The proportion of incoherent sites is defined as follows:

ρ(t) =
1
N

N

∑
x=1

[1 − s(x, t)2] (2.12)

The time evolution of ρ(t) for 0.66π ≤ α ≤ 0.78π is shown in Figure 2.7.
Depending on the value of the phase delay α, ρ(t) either decays to 0 or ap-
proaches a positive constant value after a sufficiently long time. For each
value of α, the time and ensemble averages of ρ(t) in the long-term steady
state are denoted as ρ∞(α). Figure 2.8 shows the dependence of the pro-
portion of incoherent sites ρ∞(α) in the steady state on α. As α increases,
ρ∞(α) becomes 0 at α = αc = 0.722π, indicating the disappearance of inco-
herent regions. Fitting with a power function ρ∞(α) ∼ (αc − α)β, we obtain
β = 0.755 ± 0.028 (Figure 2.8(b)). Thus, the system with α < αc = 0.722π has
properties similar to the active phase of DP2, and we refer to this as "phase
I". Conversely, for αc ≤ α < 0.79π, the number of incoherent regions be-
comes 0 or a small even number close to 0, since the number of incoherent
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FIGURE 2.7: Time dependence of the proportion of incoherent
regions ρ(t). Figures are reprinted from [84].

FIGURE 2.8: Dependence of the proportion of incoherent sites
ρ∞(α) in the dynamic steady state on α. Figures are reprinted
from [84].
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regions is always an integer multiple of 2 due to pair creation and annihila-
tion processes. When ρ(t) = 0, all oscillators are in a single twisted state,
preventing the generation of incoherent sites, thus satisfying the definition
of an "absorbing state". This corresponds to the inactive phase of DP2, which
we will call "phase II". For 0.75π ≤ α ≤ 0.78π, six out of seven simula-
tions with different initial conditions resulted in ρ(t) = 0 by t = 5 × 106,
but the decay time greatly depended on the initial conditions. In the range
0.75π ≤ α ≤ 0.78π, ensemble averages of ρ(t) were fitted with a power
function ρ(t) ∼ t−δ from 40 simulations with different initial conditions and
t < 5 × 105, yielding δ = 0.64 ± 0.04. Notably, to determine the exponents β

and ρ with an accuracy of 0.1, a system size of N = 104 or larger is required.
Each incoherent region has a width of about 5R, and the change in ρ(t) due to
pair creation and annihilation is discrete, changing in steps of ∆ρ ∼ 10R/N
(where R ≪ N). For small systems with N ≤ 103, it is not possible to fit ρ(t)
and ρ∞(α) with smooth functions. In contrast, for 0.75π ≤ α ≤ 0.78π, all in-
coherent regions in systems with N = 103 disappeared within the simulation
time, while incoherent regions remained in systems with N = 104 even after
t = 5 × 106. The larger the system, the longer it takes for the last few inco-
herent regions to collide and annihilate, suggesting that the mean lifetime of
incoherent regions scales with N1/δ, although the large dispersion prevents
quantitative determination of the N dependence of the mean lifetime of in-
coherent regions.

The transition from phase I to phase II is also evident from the behavior
of the phase velocity ϕ̇. Fig. 2.9 shows the average phase velocity ω̄ and its
standard deviation σω of all oscillators at the end of the simulation time. ω̄

peaks around αc and σω decays to 0. For α > 0.74π, both ω̄ and σω increase
to non-zero values similar to ρ∞(t) and return to 0 at α = 0.93π.

Next, we define the characteristic length scale ξ⊥ in the spatial direction
as the average spatial interval between adjacent twisted regions. By measur-
ing the distribution of spatial intervals of twisted regions in the time interval
90000 < t < 100000, we calculate the mean. In the range 0.64π ≤ α ≤ 0.69π,
the number of twisted regions with large widths decreases exponentially
(Figure 2.10(a)). Meanwhile, the mean follows a power law (Figure 2.10(b)):

ξ⊥ ∼ |α − αc|−ν⊥ (2.13)

Fitting within |α − αc| < 0.1 yields ν⊥ = 1.68 ± 0.05, compared to ν⊥DP ≈
1.82 for DP2. This analysis highlights the similarities and differences between
the transition dynamics in our system and those observed in DP2, providing
deeper insight into the behavior of incoherent and twisted regions as α varies.
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FIGURE 2.9: Dependence of the average phase velocity ω̄ and
its standard deviation σω of oscillators on α. Figures are
reprinted from [84].

FIGURE 2.10: (a) Distribution of spatial intervals of twisted
regions. (b) Dependence of the mean spatial interval on α.
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2.6 Resurgence of the multichimera states

For α ≥ 0.79π, the spatiotemporal patterns of phase differences between os-
cillators change significantly compared to those for α < 0.79π (Fig. 2.4(f)-(l)).
These patterns were statistically analyzed using the spatiotemporal correla-
tion function of the state variable defined by

G(x, t) = ⟨[1 − s(x′, t′)2][1 − s(x′ + x, t′ + t)2]⟩s(x′,t′)=0. (2.14)

This function represents the probability that s(x′ + x, t′ + t) = 0 given that
s(x′, t′) = 0. The spatiotemporal correlation functions calculated in the inter-
val 90000 < t′ < 100000 are shown in Figure 2.11. Based on the characteris-
tics of ρ∞(α), σω, and G(x, t), we classified the system into "Phase III" through
"Phase V". The spatiotemporal patterns of the phase velocity ψ̇(x, t) in each
phase are shown in Fig. 2.11. In Phases I and II, incoherent regions diffuse
from their original positions (Fig. 2.11(a), 2.12(a)), whereas for α = 0.79π,
incoherent regions do not move, and the correlation function shows a lin-
ear spatiotemporal pattern (Fig. 2.11(b)). In the range 0.80π ≤ α < 0.85π

(phase III), incoherent regions begin to travel at a constant speed (Fig. 2.11(c),
2.12(b)), and the proportion of incoherent regions ρ∞ in the steady state in-
creases to around 0.4 with increasing α. In the range 0.85π ≤ α < 0.93π

(phase IV), the phase difference ∆(x, t) exhibits a distinctive pattern of alter-
nating straight and zigzag stripes (Fig. 2.12(c)). Moreover, the direction of
travel of the incoherent regions is related to the phase velocity of the sur-
rounding oscillators. On both sides of zigzagging incoherent regions, the
phase velocities differ, with the phase velocity always being lower on the
side of the direction of travel. On the other hand, the phase velocities are the
same on both sides of non-traveling incoherent regions, resulting in a mesh-
like spatiotemporal pattern of ϕ̇(x, t) (Figure 2.12(d)). For α = 0.91π, 0.92π,
the zigzag stripes start to disappear, indicating a transition to the next phase.
As shown in Figure 2.9(b), in phase IV, the standard deviation of the phase
velocity decreases with increasing α, becoming zero at α = 0.93π. In the
range 0.93π ≤ α < π, all incoherent regions become straight (Fig.2.12(e)),
and the entire system, including twisted and incoherent regions, attains the
same phase velocity (Fig.1.11(f)). With increasing α, the proportion of in-
coherent regions decreases again, and each incoherent region becomes un-
evenly spaced (Figures 2.11(e)(f)).
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FIGURE 2.11: Spatiotemporal correlation function G(x, t) of
incoherent sites, with the grayscale representing the strength
of the correlation. Figures are reprinted from [84].
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FIGURE 2.12: Spatiotemporal patterns of phase velocity
ψ̇(x, t): (a) α = 0.78π, (b) α = 0.83π, (d) α = 0.87π, (f)
α = 0.93π. Spatiotemporal patterns of phase difference ∆(x, t):
(c) α = 0.87π, (e) α = 0.93π. Figures are reprinted from [84].



Chapter 2. A ring of nonlocally coupled oscillators with a repulsive
coupling 38

2.7 Conclusion and discussion

In this study, we investigated the statistical properties of a one-dimensional
nonlocal coupled oscillator system with repulsive interactions and classified
its spatiotemporal patterns into five phases based on the value of the phase
delay α. The transition from phase I to phase II qualitatively resembles DP2
in two aspects: (i) Pair creation and annihilation of incoherent sites. (ii) The
proportion of incoherent sites ρ∞ becomes zero at the critical point α = αc =

0.722π (absorbing state transition).
Simulations with large system sizes allowed us to compare the critical

behavior near the transition point with DP2. The critical exponent β =

0.755 ± 0.028 characterizing ρ∞ at the critical point and the spatial correla-
tion length exponent ξ⊥ = 1.68 ± 0.05 for our oscillator system differ from
the corresponding critical exponents for DP2 (βDP ≈ 0.90, ξ⊥DP ≈ 1.82). Ad-
ditionally, the decay exponent δ = 0.64 ± 0.04 describing the decay of ρ(t)
is larger than the DP2 value of δDP = 0.5. This suggests that the trajectories
of incoherent regions in our system exhibit faster motion compared to the
random walk observed in DP2. These results indicate that although the tran-
sition from phase I to phase II shows spatiotemporal patterns similar to DP2,
it does not belong to the same universality class.

The differences from DP2 can be attributed to the traveling waves emit-
ted from incoherent regions for α < αc (Fig. 2.4(b)(c)(l)) and the occasional
straight-line motion of incoherent regions for αc < 0.75 (Fig. 2.4(d)). This
straight-line motion accelerates the pair annihilation of incoherent regions
and the decay of ρ(t) compared to random walk motion. Although no trav-
eling waves or straight-line motion of incoherent regions were observed for
0.75π ≤ α < 0.79π, the decay exponent δ > 0.5 indicates the presence of
long-range correlations.

Another difference is that while each site in DP2 can only take three dis-
crete states, the phase difference ∆ = 2πq/N in the twisted state of our sys-
tem can take any integer value within the allowable range. As a result, subre-
gions with two different phase differences ∆ can form within a single twisted
region. Such boundaries of slightly different ∆ can be seen at x ≈ 2800, 9500
in Fig. 2.3(g) and the arrows in Fig. 2.4(d). These boundaries repel the two ap-
proaching incoherent regions, preventing their pair annihilation (see circles
in Fig. 2.4(d)).

For α > 0.79π, we found that the proportion of incoherent sites ρ∞ in
the steady state exhibits a non-monotonic change as a function of α, leading
to the classification into phases III to V. This non-monotonic change and the
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formation of zigzag spatiotemporal patterns in phase IV are intriguing, and
explaining the underlying mechanisms remains a future challenge.
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Chapter 3

Effect of mobility on nonlocally
coupled oscillators

This chapter investigates the influence of mobility on the dynamics of nonlo-
cally coupled oscillators. We begin by introducing the model where oscilla-
tors are allowed to move in space, altering their coupling partners over time.
Next, we present an analysis of the spatiotemporal patterns observed in the
system, focusing on the transitions between coherent and incoherent states.
Following this, we investigate how mobility affects the coherent state.

The content of this chapter is adapted from the author’s published work:
B. Li and N. Uchida, Phys. Rev. E 106, 054210 (2022). DOI: 10.1103/Phys-
RevE.106.054210

3.1 Model

Mobile oscillators differ from traditional fixed oscillatory systems by their
spatial dynamics. These oscillators can move along trajectories defined by
the underlying equations of motion, often leading to complex and rich be-
haviors. The interaction between mobility and nonlinearity results in phe-
nomena such as synchronization, pattern formation, and wave propagation,
which are pivotal to the understanding of various natural and engineered
systems.

In this chapter, we investigate the combined effects of phase lag and mo-
bility on the collective phase dynamics of non-locally coupled oscillators on a
one-dimensional ring. We consider N oscillators on a ring with N sites. Each
site on the ring is occupied by only one oscillator at a given time. This model
is based on the equations for non-mobile oscillators: eq. (1.18)(1.19).

We extend this model by allowing the oscillators to move randomly by
swapping positions with their nearest neighbors at a constant rate. This is
implemented through a set of discrete dynamic rules with a small time step
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δt. Specifically, at each time step, we let each oscillator swap positions with
its right neighbor with a probability p (see fig.1), resulting in phase changes

FIGURE 3.1: At each time step, two neighboring oscillators
exchange their phases with probability p.

of

ϕ(x, t + δt) = ϕ(x + 1, t), (3.1)

ϕ(x + 1, t + δt) = ϕ(x, t). (3.2)

Since each oscillator’s average number of moves per unit time is 2p/δt, the
mean square displacement (MSD) is given by

⟨(∆x)2⟩ ≡ ⟨
[
x(t′ + t)− x(t′)

]2⟩ = 2p
δt

t, (3.3)

Its diffusion coefficient is D = p/δt. Therefore, this model can be character-
ized by three parameters: R, α and p.

We use the Runge-Kutta method to numerically solve eq. (1.18), with a
time step of 0.01. Unless otherwise stated, we set R = 5 and N = 500. The
initial conditions for the phases are random values uniformly distributed be-
tween 0 and 2π. Mobility is implemented by randomly selecting a position x
and swapping the phases of oscillators at positions x and x + 1 with a prob-
ability p. This process is repeated N times within each time interval δt, with
δt also set to 0.01. Note that the upper limit for the probability pδt is 1, hence
p ≤ 100. We checked smaller values of δt and confirmed that they do not
significantly alter the results presented in the next section.
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3.2 Spatiotemporal patterns and the strength of in-
coherence

FIGURE 3.2: Spatiotemporal patterns of the phase difference
∆(x, t), for α = 0.41π, 0.44π, 0.68π, 0.88π from the left to the
right column, and p = 0, 0.0004, 0.002 from the top to the
bottom row. Figures are reprinted from [83].

In Fig. 3.2, we plot the spatiotemporal patterns of the phase difference be-
tween two neighboring oscillators, ∆(x, t) = (ϕ(x + 1, t)− ϕ(x, t))/π, trun-
cated to the range [−1 : 1). The first row shows the patterns for p = 0 with α

with varying α. We vary α in the range 0 ≤ α < π and present a few sample
cases. For α < 0.44π, the system reaches a coherent state, and the ∆ values
are uniform and very small (Fig. 3.2(a)). For 0.44π ≤ α < 0.5π, incoherent re-
gions continuously branch and disappear, forming multi-chimera states [30,
68] (Fig. 3.2(b)). For repulsive coupling (α > 0.5π), twisted states of positive
and negative ∆ values are separated by incoherent stripes with a width pro-
portional to R; when α is just above 0.5π, randomly branching multi-chimera
states appear (Fig. 3.2(c)), which transition into coexistence of twisted states
with smooth boundaries as α increases (Fig. 3.2(d)) [84].

The mobility of the oscillators introduces novel spatiotemporal patterns.
The second and third rows of Fig. 3.2 show the patterns for p = 0.0004 and
0.002, respectively. For 0.38π ≤ α < 0.44π, we observe mesh-like patterns
composed of intersecting traveling waves (Fig. 3.2(e)(i)). For the chimera
state at α = 0.44π, mobility introduces finer structures in the incoherent re-
gions (Fig. 3.2(f)(j)). For α > 0.5π, noise spots are added to the multi-chimera
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states (Fig. 3.2(g)(h)). At p = 0.002, the patterns become further randomized,
and the original patterns at p = 0 are no longer recognizable (Fig. 3.2(k)(l)).

As a measure of incoherence intensity, we follow previous studies [49]
and use the standard deviation of the phase differences within a distance R
from position x,

σ∆(x, t) =

√√√√ 3
2R

x+R−1

∑
x′=x−R

(∆(x, t)− ∆(x, t))2, (3.4)

where ∆(x, t) is the mean phase difference over the interval [x − R, x + R],
and the prefactor is chosen so that the maximum value of σ∆(x, t) is 1. The in-
coherence intensity for the entire system is represented as σ∆(t) = ⟨σ∆(x, t)⟩x.
Fig. 3.3 shows the values of σ∆(t) at t = 1000, averaged over 10 independent
samples for each set of (α, p). The full range of mobility (0 ≤ p ≤ 1) is shown
in Fig. 3.3(a), while a zoomed-in view of the range 0 ≤ p ≤ 0.005 is shown in
Fig. 3.3(b). We obtained coherent states (σ∆ ≪ 1) for small α values, regard-
less of the value of p. Coherence sharply increases at α = αc ≃ 0.4π, with the
threshold αc having little dependence on p. On the other hand, for α > 0.5π,
the system falls into a fully incoherent state (σ∆ ∼ 1) for most parameter
ranges except for very small p. These changes introduced by mobility will be
further discussed in the following sections.

FIGURE 3.3: The strength of incoherence σ∆ on the (α, p)
plane, for (a) 0 ≤ p < 1 and (b) 0 ≤ p < 0.005. The color scale
shows a coherent state (σ∆ ≪ 1) in light colors, and an
incoherent state (σ∆ ∼ 1) in dark colors. Figures are reprinted
from [83].
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3.2.1 The effect of mobility on the coherent states

We first focus on the effect of mobility on the coherent state for α < αc(p). In
this parameter range, the system is multistable, meaning it can reach a syn-
chronized state or a twisted state depending on the initial conditions. The
phase difference in these states can be written as ∆ = 2q/N, where q = 0
represents the synchronized state, and non-zero integers |q| ≤ N−1

2 corre-
spond to twisted states.

In our simulations, we calculate the winding number q as

q =
1
2

N

∑
x=1

∆(x, t) (3.5)

where t = 1000. Unless otherwise stated, we average over 100 samples for
each (α, p) value, including the incoherent states where ∆(x, t) is spatially
non-uniform. We also measure the root mean square (RMS) of q, denoted as
σq. Fig. 3.4 shows the histograms of q for specific (α, p) values. For p = 0,
the distribution is wide, with the maximum |q| reaching 6. As p increases,
the distribution narrows, indicating that mobility increases the size of the
attraction basin for smaller |q| values. For p = 1, the peak at α = 0.3π

is higher than the peak at α = 0. This implies that phase lag enlarges the
attraction basin for the synchronized state.

Fig. 3.5(a) shows the root mean square (RMS) of the winding number on
the (α, p) plane. Here, we focus on the coherent (synchronized or twisted)
states for α < αc(p). Within the coherent region on (α, p) plane, the RMS
decreases as α and p increase. Notably, for large p and values of α close to
αc(p), the RMS is nearly zero (Fig. 3.5(c)), indicating that for most samples,
the synchronized state q = 0 is achieved.

In Fig. 3.5(b), we plot σq for α = 0 as a function of the mobility parameter
p. In the range 0.1 ≤ p ≤ 1, the data fits a power law σq ∼ p−β with an
exponent β = 0.239 ± 0.005.

The reason why mobility enhances synchrony can be explained by the
disturbance of the twisted states. In a twisted state, swapping two oscillators
changes the phase differences at three consecutive positions from {∆, ∆, ∆}
to {2∆,−∆, 2∆}. The total change in phase difference is 4∆, which is larger
for higher |q| values since ∆ = 2q/N. In contrast, twisted states with smaller
|q| are less affected, and the fully synchronized state remains unaffected by
the swap. If the perturbation caused by mobility outweighs the effect of
interactions that restore the initial (twisted) state, the system will exit its
attraction basin and transition to another, as previously demonstrated for
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FIGURE 3.4: Histograms of the winding number q for 1000
independent samples. (a) (α, p) = (0, 0), which gives
σq = 1.79, (b) (α, p) = (0.3π, 0), σq = 2.02. (c) (α, p) = (0, 1),
σq = 0.76. (d) (α, p) = (0.3π, 1), σq = 0.48. Figures are
reprinted from [83].
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FIGURE 3.5: (a) The RMS of the winding number σq for each
(α, p). (b) The RMS σq versus p for α = 0. (c) The RMS σq
versus α for p = 1. The data in (b)(c) are averages over 1000
independent samples. Figures are reprinted from [83].
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α = 0 [169]. Below, we quantitatively analyze the balance between mobility
and coupling by calculating the timescales for perturbation and the restora-
tion of the twisted states.

A system in a twisted state is divided into |q| blocks of size N/|q|. In
each block, the phase changes by 2π. Without coupling, the time required to
randomize the phase difference should be proportional to the time needed
for each oscillator to traverse the distance N/|q| (the block size). By sub-
stituting N/|q| into the left side of equation (3.3), the characteristic time for
randomization is written as:

τrand ∼ N2δt
2pq2 . (3.6)

This can be verified by calculating the spatial correlation of the phase differ-
ence:

G∆(x, t) =
〈
cos

[
∆(x′ + x, t)π − ∆(x′, t)π

]〉
x′ (3.7)

for a system with mobility p but without phase coupling. Here the average
is taken over x′ and 100 independent samples. Note that the function has the
maximal value of 1 when the phase difference is spatially uniform and that it
vanishes if the phase difference is spatially random. We choose the q-twisted
state as the initial condition. In this case, the function has little dependence
on x because the phase difference is uniform in the initial state, and the ran-
domization takes place uniformly. Below, we use data for x = N/2, denoted
as G∆(t). Starting from a twisted state, G∆(t) decays exponentially over a
wide range of p and q values, as shown in Fig. 3.6(a)(b).

By fitting G∆(t) with an exponential function, we obtain

G∆(t) = exp
(
− 2pq2

a2N2δt
t
)

(3.8)

with the coefficient a ≈ 0.11. We now redefine the randomization timescale
τrand as the time when G∆(τrand) = 0.1, yielding

τrand ≈ 1.4 × 10−4 × N2

pq2 . (3.9)

On the other hand, the coupling between oscillators tends to restore the
twisted state. We turned off mobility and calculated the strength of inco-
herence σ∆ as a function of time starting from a random state; see Fig. 3.6(c)
for the attractive coupling case (0 ≤ α ≤ 0.4π) and Fig. 3.6(d) for the repul-
sive coupling case (0.8π ≤ α ≤ π). In the attractive case, the decay of σ∆ is
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FIGURE 3.6: (a)(b) Temporal correlation of the phase difference
G∆(N/2, t), obtained without coupling and starting from the
twisted state with (a) q = 2 and (b) q = 67. It shows the effect
of mobility in randomizing the phase difference. (c)(d) The
strength of incoherence σ∆ obtained without mobility and
starting from the random state, for (c) 0 ≤ α ≤ 0.4π and (d)
0.8 ≤ α ≤ π. It shows the effect of coupling to restore the
twisted states. Figures are reprinted from [83].
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slower for larger α, which is explained by the frustration introduced by the
phase lag. We define the timescale for restoring coherence τcoh as the time it
takes for σ∆ to decrease from 1 to 0.1. Fig. 3.7(a) shows that τcoh increases as
α increases from 0 to 0.4π.

FIGURE 3.7: (a) The timescale for restoring coherence τcoh vs.
α. (b) Comparison of the timescales. Solid lines: τrand for
q = 1, 2. Dashed lines: τcoh for α = 0, 0.3π, 0.4π. Figures are
reprinted from [83].

Now we compare the timescales τrand and τcoh to analyze the competition
between mobility and coupling. In Fig. 3.7(b), the solid lines represent τrand
for q = 1, 2 (given by eq. (3.9)), and the dashed lines represent τcoh for α =

0, 0.3π, 0.4π. For α = 0, we have τcoh = 7.4, which is less than τrand for all p
and q = 1, 2. This is consistent with the result that the q = 1 and 2 twisted
states are stable up to p = 1 (Fig. 3.4(c)). For α = 0.3π, we get τcoh = 16.6,
which exceeds τrand for q = 2 at p ⪆ 0.5. This indicates that the q = 2 twisted
state is unstable, while the q = 1 twisted state remains stable for all p, also
consistent with the full numerical results (Fig. 3.4(c)). For α = 0.4π and large
p, τcoh = 54.0 is even less than τrand for q = 1, explaining the result that only
the synchronized state remains stable (Fig. 3.5(a)). Thus, we have shown that
the stability of twisted states for α < αc(p) is determined by the competition
between mobility and coupling, and the independently measured timescales
can explain the results: if the perturbation induced by mobility is faster, the
twisted state is unstable; if the coupling restores coherence faster, the state is
stable.
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3.2.2 Traveling waves in the transition region

Next, we consider the effect of mobility in the transition region for α = αc(p),
where the strength of incoherence σ∆ lies between 0 and 1. The spatiotem-
poral patterns obtained in this range are characterized by the spatiotemporal
correlation function of σ∆:

Gσ(x, t) =
〈

σ∆(x′, t′)σ∆(x′ + x, t′ + t)− σ2
∆(x′, t′)

〉
x′,t′

(3.10)

In Fig. 3.8, we show this function calculated over the time window 500 <

t′ < 1000 and averaged over 100 independent samples.
For p = 0, the random branching patterns of the incoherent state (Fig. 3.2(b))

give a monotonically decaying correlation function in Fig. 3.8(a). For p > 0,
the mesh-like patterns composed of intersecting traveling waves (Fig. 3.2(i))
show a V-shaped correlation pattern in Fig. 3.8(b). To measure the speed of
the traveling waves, we identify the average trajectory xw(t) of each wave
by locating the position where Gσ(x, t) is maximized at each t. The average
wave speed vw is measured by fitting xw(t) to a straight line. Fig. 3.8(c) shows
the relationship between vw and the mobility p. The speed increases linearly
with p and slightly decreases when α exceeds αc.

We define αc as the minimum α that gives a non-zero value of σ∆. For
p = 0, αc is known to be approximately 0.44π. We obtain αc(p) in Fig. 3.9
by observing whether the system reaches a coherent state over a long period
(5 × 105 time units). For each α, we calculate σ∆ for 10 independent samples.
If the system reaches a coherent state (σ∆=0) in every sample, we consider
α < αc. If any sample shows a non-zero σ∆ at t = 5 × 105, we consider
α > αc. Fig. 3.9 shows the non-monotonic variation of αc with p. In the range
0 < p < 0.0002, increasing p lowers the threshold. For p > 0.0002, αc slowly
increases with p. For any p > 0, traveling waves above αc are replaced by
chimera states at larger α. The direct transition from coherent to chimera
states is only observed at p = 0.

3.2.3 The effect of mobility for repulsive coupling

Next, we consider the effect of mobility under repulsive coupling (α > 0.5π).
In the absence of mobility, the spatiotemporal patterns consist of multiple
twisted state domains with positive and negative q values, separated by inco-
herent stripes. The range of the winding number q is determined by a linear
stability analysis [84], which shows that the stable range of phase differences
is 0.215 < |∆| < 0.323. (For a single-domain twisted state with N = 500, this
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FIGURE 3.8: The spatiotemporal correlation function Gσ(x, t)
for (a) (α, p) = (0.44π, 0), and (b) (α, p) = (0.41π, 0.002),
which corresponds to the patterns in Fig.3.2 (b) and (i),
respectively. The grayscale represents the strength of
correlation. (c) The average speed of the traveling wave vw
versus p. Figures are reprinted from [83].
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FIGURE 3.9: The transition threshold αc(p). For α < αc, only
the coherent states remain in the long-time limit, while
traveling waves appear for α > αc. Figures are reprinted
from [83].

corresponds to 54 < |q| < 80). Due to the larger phase differences, mobility
more easily perturbs the twisted states compared to the attractive case. This
explains the result that the system falls into a fully incoherent state except for
small mobility (pδt ≪ 1), as shown in Fig. 3.3. The typical spatiotemporal
pattern in the small mobility region is shown in Fig. 3.2(h), where the pertur-
bation effect appears as noise spots on the twisted domains. The transition
threshold from the noise pattern to fully incoherent can also be explained by
the competition between two timescales. As seen in Fig. 3.6(d), the decay
timescale of σ∆(t) is on the order of ten time units and is weakly dependent
on α. (Note that in the steady state, σ∆ does not drop to zero due to the coex-
istence of multiple domains. In this case, redefining the time to decay to 0.5
as τcoh is reasonable.)

Meanwhile, in the absence of coupling, the time for the system to become
completely random follows eq. (3.9). Here, by replacing N/q with 2/∆ and
using the values 0.215 < |∆| < 0.323, we obtain τrand ∼ 10−2/p. Thus, if p
is on the order of 10−3 or smaller, the two timescales are comparable, which
matches the threshold found in Fig. 3.3(b).
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3.3 Discussion and Conclusion

In this chapter, we investigated the combined effects of mobility due to ran-
dom exchanges of oscillators and frustration coupling due to phase lag. First,
for α < 0.5π, we show that mobility destabilizes twisted states with large |q|
and enlarges the attraction basin of twisted states with small |q|, including
the fully synchronized state. This is reflected in the decay of the root mean
square of q with p. For α = 0, we obtain a power law σq ∼ p−1/4, explained
as follows. In previous studies of non-moving oscillators [169], a relationship
between the coupling range R and the standard deviation of q was shown
as σq ≈ 0.19

√
N/R − 0.11, which simplifies to σq ∼ R−1/2 for R ≪ N for

R ≪ N. On the other hand, mobility effectively extends the coupling range.
As derived in Ref. [163], for large p, Reff ∼ p1/2, meaning that the effective
coupling range Reff is given by the mean square displacement of each oscilla-
tor in a given microscopic time. Combining these two results, we obtain the
power law σq ∼ p−1/4.

Second, we analyzed the timescales of randomization and restoration of
coherence by considering mobility and coupling separately. By comparing
these two timescales, we derive the critical mobility that destabilizes twisted
states. For the attractive case, the instability of twisted states leads to jumps
to the attraction basins of other twisted states with smaller |q| or to the fully
synchronized state. On the other hand, for the repulsive case, the coexistence
of twisted states with large |q| is disrupted by small mobility, leading to a
fully incoherent state. Thus, mobility has opposite effects on attractive and
repulsive couplings.

Third, we identified the grid-like pattern of traveling waves in the attrac-
tive coupling case as coherence starts to be lost. We argue that local defects
in the phase pattern induced by oscillator exchanges trigger the traveling
waves. For p close to 0, increasing p makes traveling waves easier to gen-
erate, thereby lowering the critical αc. For very large p values, all twisted
states become unstable, and only the synchronized state survives. In this
case, phase patterns are not affected by oscillator exchanges and cannot gen-
erate traveling waves. However, the exact mechanism of their formation re-
mains unclear and is subject to future studies.
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Chapter 4

Mean-field description of
oscillators and brain network

Many biological and neural systems can be viewed as networks comprised
of interacting periodic processes, with their collective dynamics shaping their
functionality. The dynamics of the system are collectively determined by the
microscopic characteristics of individual units, the structure of the network,
and their interactions. However, in the case of large systems such as the
brain, which contains a vast number of units, analysis is typically feasible
only on a simplified model at a coarse level. This limitation arises not just
from computational constraints but also from the fact that a detailed under-
standing of every component does not necessarily enhance our comprehen-
sion of the system as a whole. The Ott-Antonsen reduction, a mean-field
reduction technique for networks of oscillators is introduced. This method
enables the use of a limited number of mean-field variables to describe the
network’s dynamics, simplifying the analysis of the oscillator network while
maintaining a connection between the macroscopic descriptions and the mi-
croscopic properties of the underlying system.

The brain is composed of vast networks of neurons, the fundamental
units of information processing. Neurons communicate through action po-
tentials (spikes), which are rapid changes in membrane voltage triggered
when a neuron’s voltage surpasses a certain threshold. The membrane volt-
age reflects the electrical potential difference across the neuronal membrane
and fluctuates dynamically due to ion exchanges mediated by ion channels.
These dynamics underlie the generation and propagation of spikes, which
are transmitted to other neurons via synaptic connections. Together, these
processes form the foundation of neuronal computation and signal transmis-
sion, enabling the emergence of collective behaviors such as synchronization.
At different scales, synchronization in the neuronal system can be observed,
ranging from the microscopic interaction of individual neurons to macro-
scopic activities spanning entire brain regions.
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At the microscopic level, synchronization of single neurons or small neu-
ronal populations (ranging from tens to hundreds) can be observed through
single-cell or multi-channel recordings. At the mesoscopic level, neuronal
populations within local brain regions achieve coherent activity through elec-
trical dynamics, such as brain waves measured via EEG or MEG. At this
scale, the synchronization of beta band oscillations (13–30 Hz), associated
with motor control and cognitive stability, and gamma band oscillations (30–100
Hz), crucial for sensory integration and memory encoding, is particularly
prominent. At the macroscopic level, the BOLD signal, derived from changes
in blood oxygenation and flow, captures low-frequency oscillations (<0.1 Hz)
in resting-state networks and reflects large-scale interactions between brain
regions, providing insights into functional connectivity. The synchroniza-
tion observed at different levels plays a crucial role in facilitating various
brain functions such as memory [34], computational tasks [37], cognition
[166], attention [36], information routing [71], and breathing [146]. As we
saw in Section 1.1.5, chimera states are implicated in neurological disorders
like epilepsy and Parkinson’s disease [53, 80, 132, 162].

In this chapter, we will explain the mean-field description of oscillators
and brain networks using the application of the Ott-Antonsen (OA) reduc-
tion. We demonstrate the derivation of the OA equation and use a two-
population oscillator model as an example to illustrate the application of the
OA equation. Following this, we introduce recent advancements in the study
of more complex hierarchical networks with a population count greater than
two. We then cover some fundamental concepts in the neural system, in-
cluding basic neural dynamics models and synchronization in neuronal net-
works. Finally, we focus on the application of the Kuramoto model in brain
networks and its connection to the Quadratic-Integrate-and-Fire (QIF) model.

4.1 Ott-Antonsen ansatz

Under certain assumptions, a network of coupled oscillators can be described
by a low-dimensional system of differential equations involving several mean-
field variables. For instance, for the Kuramoto model with N oscillators,
we can derive a two-dimensional system for the complex order parameter
Z = RiΘ(see Eq. 1.11).

First, we consider an oscillator system containing many (N → ∞) popu-
lations. Each population contains many oscillators where the phase follows
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the equation:
dθσ

k
dt

= ωσ
k + Im

(
Hσ

k (t)e
−iθσ

k

)
, (4.1)

where θσ
k is the phase of oscillator k in population σ, and Hσ

k is the input to
oscillator θσ

k from the other oscillators. For the single population Kuramoto
model 1.10, we have

dθk
dt

= ωk + Im

(
K
N

N

∑
j=1

ei(θj−θk)

)
(4.2)

= ωk + Im
(

KZ(t)e−iθk
)

, (4.3)

where Z(t) is the complex Kuramoto order parameter defined in Eq. 1.11.
The Kuramoto model is equivalent to Eq. 4.1 with H(t) = KZ(t), meaning
that the oscillators’ interaction depends only on the order parameter. This is
called a mean-field coupling where each oscillator is coupled to an average
of all oscillators in the system.

System of form Eq. 4.1 also includes other models ranging from the Kuramoto-
Sakaguchi model to more specific neuron models. If we consider a system of
M populations with N Kuramoto-Sakaguchi oscillators in each population,

dθσ
k

dt
= ωσ

k −
M

∑
τ=1

Kστ

N

N

∑
l=1

sin(θσ
k − θτ

l + αστ), (4.4)

the Kuramoto order parameter for each population σ is defined as

Zσ =
1
N

N

∑
l=1

eiθσ
l . (4.5)

Thus, the driving force for each oscillator in Eq. 4.1 is given by the linear
combination of the mean fields of all the population:

Hσ =
M

∑
τ=1

Kστe−iαστ Zτ. (4.6)

The Theta neuron and quadratic integrate-and-fire neurons also satisfy
Eq. 4.1. The Theta neuron [33] is a model used in computational neuroscience
to describe the dynamics of neuronal activity, particularly focusing on the
timing of action potentials (spikes) rather than their detailed shapes. By rep-
resenting the neuronal membrane potential as an angle variable on a circle
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(hence "Theta"), the model captures essential features of oscillatory behav-
ior and synchronization in neural populations. It is instrumental in studying
phenomena such as brain wave patterns, neural synchronization, and the
role of rhythmic firing in cognitive processes. Consider a single population
of Theta neurons:

θ̇k = 1 − cos θk + (1 + cos θk)(ηk + κ I), (4.7)

where θk ∈ [−π : π] is the phase variable and ηk is the excitability of the k-th
neuron, respectively. The neurons fire when the phase cross θ = π. κ is the
coupling strength, and I is an input current which can be attributed to both
external input and network interactions. Eq. 4.7 can be transformed into the
form of Eq. 4.1 by letting

ωk = 1 + ηk + κ I, (4.8)

Hk = i(ηk + κ I − 1). (4.9)

The neuron described by this equation undergoes a saddle-node bifurcation
as ηk + κ I is varied. For ηk + κ I < 0, the Theta neuron is excitable: the phase
will relax to the quiescent state if the phase is under the threshold, and a
spike will be emitted if the phase exceeds the threshold. For ηk + κ I > 0,
the Theta neuron will periodically fire. The Theta neuron is identical to the
so-called quadratic integrate and fire neurons if we set Vk = tan(θk/2); here,
Vk is the membrane voltage of neuron k and obeys:

V̇k = V2
k + ηk + κ I. (4.10)

All of these models are reduced to Eq. 4.1, indicating that they can be sub-
jected to the Ott-Antonsen reduction.

4.1.1 Derivation of Ott-Antonsen equation

Considering an infinite number of oscillators (N → ∞), suppose that the
driving force is equal for all oscillators in any given population Hσ

k = Hσ,
and that the natural frequencies of the oscillators ωσ

k in a population is drawn
from a distribution gσ(ω). The state of a population is described by the prob-
ability density fσ(ωσ, θσ, t). Conservation of the number of oscillators im-
plies that Eq. 4.1 can be represented by the continuity equation

∂ fσ

∂t
+

∂

∂θσ
( fσvσ) = 0, (4.11)
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where vσ = ωσ + Im
(

Hσ(t)e−iθ). Ott and Antonsen [115] discovered the
existence of an invariant manifold; here the invariant manifold refers to a
specific form of the phase distribution function f (ω, θ, t). If f (θ, ω, 0) lies on
this manifold, it will remain on the manifold for any t ≥ 0. The Kuramoto
order parameter Z can be expressed as

Z(t) =
∫ ∞

−∞

∫ 2π

0
f (ω, θ, t)eiθdθdω. (4.12)

Subsequently, we will see that the time evolution of the system on this invari-
ant manifold can be described by the time evolution equation of Z. Firstly,
expanding f (ω, θ, t) in a Fourier series in θ, we get

f (ω, θ, t) =
g(ω)

2π

(
1 +

∞

∑
n=1

f (n)(ω, t)einθ + c.c.

)
, (4.13)

where c.c. stands for complex conjugate. Then Ott and Antonsen considered
a special class of f (n) such that

f (n)(ω, t) = [a(ω, t)]n, (4.14)

where |a(ω, t)| < 1 .This is the key ansatz that the Fourier coefficients are
powers of a single function a(ω, t). Substituting Eq. 4.13 into Eq. 4.11 we
obtain

∂a
∂t

+ iωa +
1
2
(Ha2 − H) = 0, (4.15)

where the overline represents the complex conjugate. Then substituting Eq. 4.14
into Eq. 4.12

Z =
∫ ∞

−∞
a(ω, t)g(ω)dω, (4.16)

Thus the system is reduced to a θ-independent single ordinary differential
equation. More specifically, we can use the residue theorem to get the exact
form of the Z, if the distribution of nature frequency g(ω) is Lorentzian,

g(ω) =
1
π

∆
(ω − ω0)2 + ω2 , (4.17)

where ∆ is the width and ω0 is the mean of the distribution. Since g(ω)

has 2 poles at ω = ω0 ± i∆, under the assumption that |a(ω, t)| → 0 as
Im(ω) → −∞, it can be obtained that Z = a(ω0 − i∆, t). Finally, the time
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evolution equation of the order parameter can be obtained as

Ż = (−∆ + iω0)Z +
1
2

H − 1
2

HZ2. (4.18)

This is called the Ott-Antonsen equation. If the system initially satisfies
Eq. 4.14, the system will always be on the invariant manifold. Even if it is
not on the manifold, Ott and Antonsen showed that there are densities f that
are attracted to the invariant manifold, which means the Ott-Antonsen equa-
tion can describe the long-term dynamics of a large range of the initial phase
distribution f (ω, θ, t).

4.1.2 OA ansatz on 2 population of oscillators

Using the OA equation, describing the mean-field behavior of a system with
an infinite number of oscillators is very simple. If the natural frequencies of
the oscillators follow a Lorentzian distribution, the system’s Kuramoto order
parameter R follows

Ṙ =

(
−∆ +

K
2
− K

2
R2
)

R. (4.19)

It is not difficult to know that when K < Kc = 2∆, R = 0, and when K exceeds
2∆, a pitchfork bifurcation occurs, making the solution R =

√
1 − 2∆/K sta-

ble and the solution R = 0 unstable.
When the oscillator system is composed of multiple populations, even if

they are identical (that is, the populations exhibit completely identical be-
havior when uncoupled), when they are coupled together, they can exhibit a
form of dynamical symmetry-breaking behavior, the chimera state. In 2008,
Abrams et al. used the OA reduction to study a system where the oscilla-
tors are divided into two populations and investigated its chimera state [2].
The oscillators are all-to-all coupled, and the time evolution of their phases
follows Eq. 4.4 with M = 2, N → ∞, with a strong coupling within each
population ks = k11 = k22 and a weak coupling between the populations
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FIGURE 4.1: Schematic diagram of the two populations model.

kn = k12 = k21. Using Ott-Antonsen reduction, they reduced it to the 3-
dimensional system

ṙ1 =
1 − r2

1
2

(ksr1 cos(αs) + knr2 cos(αn − ψ)), (4.20)

ṙ2 =
1 − r2

2
2

(ksr2 cos(αs) + knr1 cos(αn + ψ)), (4.21)

ψ̇ =
1 + r2

1
2r1

(ksr1 sin(αs) + knr2 sin(αn − ψ))

− 1 + r2
2

2r2
(ksr2 sin(αs) + knr1 sin(αn + ψ)), (4.22)

where ψ = ϕ1 − ϕ2, and αs and αn are intra-population and inter-population
phase lag.

For homogeneous phase lag αs = αn, Ref. [2] shows that the system dis-
plays bifurcation between chimera states. Let A = (ks − kn)/(ks + kn). For α

close to π/2, increasing A from 0 first leads to a saddle-node bifurcation that
results in a stable chimera state, i.e., r1 = 1 and r2 = r < 1. As A increases, a
supercritical Hopf bifurcation occurs, causing the stable chimera to become a
breathing chimera where r1 = 1 and r2 oscillates. Further increasing A leads
to the disappearance of the breathing chimera in a homoclinic bifurcation.
In addition, there are many variations in the study of the two-population
model, such as introducing frequency heterogeneity [75], network hetero-
geneity [79], noise [77], and phase lag heterogeneity [97]. There are also stud-
ies involving three populations [95, 96].

As the simplest hierarchical network, this 2-population model has been
experimentally confirmed to exhibit chimera states where one population is
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synchronized while the other is not [98] and has the potential to be used
for simulating the left and right hemispheres of the brain. The 2-population
model is well-studied, but its extended version, the M-population model,
has not been thoroughly investigated due to the increased complexity, mak-
ing analytical solutions relatively difficult. Again taking neuroscience as an
example, the M-population model is also very important because the brain
is not just divided into the left and right hemispheres; it can be more finely
divided into many different brain regions which can be viewed as a hierar-
chical network formed by the interactions of M oscillator populations (Figure
4.2). Using the OA reduction method, the behavior of each population can
be described by two variables, allowing the system of M brain regions to be
described by 2M-dimensional dynamics (this will be explained in detail in
the subsequent sections).

FIGURE 4.2: A schematic diagram of the brain network. The
cerebral cortex is divided into multiple brain regions, and
interactions exist between these regions.



Chapter 4. Mean-field description of oscillators and brain network 62

4.1.3 Hierarchical network

Hierarchical networks are characterized by their multi-level organization,
where nodes are grouped into modules or populations that are further or-
ganized into larger modules, creating a nested structure, and providing a
framework to understand complex dynamical behaviors arising from the in-
terplay between local and global interactions. In coupled phase oscillator
networks, the synchronization process can exhibit distinct patterns at differ-
ent hierarchical levels. For instance, oscillators within the same population
may synchronize rapidly due to strong intra-cluster coupling, while syn-
chronization between different populations occurs more gradually, reflecting
weaker inter-population coupling. This multi-scale synchronization process
can lead to complex temporal patterns and spatial coherence, which are not
observed in simpler network topologies.

The hierarchy of local and global synchrony, i.e., synchrony within and
between populations of Kuramoto oscillators is studied in Ref. [144]. Utiliz-
ing the Ott-Antonsen ansatz, local synchrony within communities and global
synchrony between communities can be described by low-dimensional equa-
tions. The research highlights the hierarchical nature of synchrony, where
local synchrony often precedes global synchrony depending on the relative
strengths of intra-community and inter-community coupling. Analytical and
numerical results reveal that community structure significantly influences
the transition to synchrony, with bifurcations indicating different synchro-
nization regimes.

On the other hand, a hierarchical system has the ability to generate a large
repertoire of metastable chimera states which reflects properties common to
many real-world complex dynamical systems [139]. The model comprises
8 populations of 32 Kuramoto-Sakaguchi oscillators with identical natural
frequencies. Each oscillator is fully connected within its community and has
random connections to oscillators in other communities. The measures of
metastability and chimera-like states proposed are,

λ = ⟨VarT(Rσ(t))⟩σ , (4.23)

χ = ⟨Varσ(Rσ(t))⟩T . (4.24)

λ shows the variation in the synchronization degree of each population over
time. If this value is high, it indicates that the degree of variation in the syn-
chronization degree of each population over time is large. In other words,
these populations do not remain consistently in a synchronized or desyn-
chronized state but instead switch back and forth between the two states.
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This suggests that these populations exhibit metastability. And χ shows the
variance of the synchronization degree of all populations at each moment,
representing the chimera-like degree of the system.

Ref. [76] investigates the behavior of chimera states in networks of cou-
pled oscillators organized in a ring. They focused on networks with varying
numbers of populations and different levels of frequency heterogeneity. The
findings reveal that macroscopic chaos emerges when more than five popu-
lations are considered, but this chaotic behavior vanishes as the number of
populations increases. The paper provides new insights into the stability and
dynamics of chimera states across different network configurations, bridging
the gap between small and large network studies.

Although a few previous studies, including those mentioned above, have
explored the hierarchical structure of oscillator networks consisting of multi-
ple populations, the effects of the phase lag parameter α remain unexplored.
In Chapter 5, we will discuss the impact of α on a ring of nonlocally coupled
M-population system with each population described by the mean-field OA
equation.

4.2 Oscillators model in neuronal network

4.2.1 Computational model of the brain

The cerebral cortex of mammalian brains serves as an excellent example of
a hierarchically coupled system, ranging from the microscopic level of in-
dividual neurons, through the mesoscopic level of local neural circuits and
columns, to the macroscopic level of nerve fiber projections connecting dif-
ferent brain areas. To study the brain, many computational models from the
celebrated Hodgkin-Huxley model [59], which describes the temporal evo-
lution of ionic flux across neuronal membranes and thus gives rich dynam-
ics and precise prediction, to simple models like integrate-and-fire models,
which are used for their tractability and computational efficiency, have been
proposed to simulate the activities of neurons and neural networks, help-
ing researchers understand the mechanisms of information processing in the
brain. By simulating individual neurons or neural networks, these models
can explain phenomena such as neuronal firing patterns and synaptic plas-
ticity, revealing how neurons transmit and integrate information. A practical
way to categorize these computational models is by their scale of neurophys-
iological activity, which can be broadly divided into:
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1. Microscopic models, focusing on the level of single cells and microcir-
cuits;

2. Mesoscopic models, targeting the level of neural masses and neural
fields;

3. Macroscopic models, incorporating the larger scale structures of the
connectome or white matter.

FIGURE 4.3: Illustration of computational model at the three
scales.

Figure 4.3 illustrates the hierarchical structure of different models. At the
microscopic level, an example of a circuit composed of two leaky integrate-
and-fire neurons is shown here. The triangle represents a pyramidal neuron,
which is connected to a circular interneuron via an excitatory synapse. The
interneuron, in turn, connects back to the pyramidal neuron via an inhibitory
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synapse, forming an inhibition feedback loop. The dynamics of these two
neurons follow the equation:

τ
dVi

dt
= −(Vi(t)− VL) + RIi(t) (4.25)

where Vi is the membrane potential of the neurons, VL is the resting mem-
brane potential, R is the constant representing the corresponding membrane
resistance, Ii is the synaptic input from other neurons and background, and
τ is the time constant that determines the leakage rate of Vi. When the mem-
brane potential Vi reaches a threshold, a spike is fired, and Vi is reset to VL.
Also, many other neuronal models including the QIF model are examples of
microscopic models.

At the mesoscopic level, the Wilson-Cowan model [170] serves as a good
example. In this model, a population of excitatory neurons (E) is coupled
with a population of inhibitory neurons (I). The equations no longer describe
the behavior of individual neurons but the mean activity of a large number
of neurons (typically the average firing rate of neurons), and read

τ
dE(t)

dt
= −E(t) + (1 − E(t)) fE(wEEE − wEI I + hE(t)), (4.26)

τ
dI(t)

dt
= −I(t) + (1 − I(t)) f I(wIEE − wI I I + hI(t)), (4.27)

The terms wEE, wEI , wIE, wI I represent the connection weights between the
neuronal populations, indicating how different types of neurons influence
each other’s activity. hE,I is the external input. The function fE,I is often
represented as a sigmoid function, used to convert the input into the popula-
tion’s firing rate, which describes how many neurons in the population reach
the firing threshold.

At the macroscopic level, the brain is viewed as a network composed of
many brain regions (nodes). Many researchers use the Kuramoto model to
represent the activity of a brain region [13, 18, 110, 135]. The Kuramoto model
treats each brain region as an oscillator, describing the dynamics of each re-
gion through changes in phase and coupling between phases. It is compu-
tationally efficient, making it particularly useful for large-scale networks, es-
pecially when studying synchronization between brain regions. However,
it is important to note that while the Kuramoto model excels at describing
oscillatory synchronization, it is a highly abstract model with no specific bio-
physical basis. This means it cannot directly explain biological mechanisms
of neuronal populations, such as synaptic transmission, neuromodulation, or
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electrochemical processes.

4.2.2 Synchronization in neuronal network

The phenomenon of synchronization in neural networks refers to the spon-
taneous coordination of firing behaviors among a large number of neurons
under specific conditions, causing them to generate action potentials in the
same or similar rhythms. Although neurons typically fire independently,
external stimuli, coupling, or activity from other neurons can lead to syn-
chronized activity. This synchronization plays a crucial role in many brain
functions, from perception and motor control to cognitive processes. Syn-
chronization can also occur at different spatial scales:

Microscopic level: This refers to the synchronized firing of neurons within
smaller regions of a neural network. For example, specific groups of neu-
rons in the cortex may exhibit synchronized activity while performing a task,
which manifests as synchronized local field potentials or brainwaves. Specif-
ically, when a large number of neurons fire simultaneously or in a coordi-
nated manner, the resulting electric fields can superimpose, creating measur-
able electrical activity detectable through techniques such as EEG [46, 155].
These brainwaves are usually categorized into different frequency bands,
with each band associated with distinct neuronal synchronization patterns
and functional states of the brain:

1. Alpha rhythm (8-12 Hz): Associated with attention and wakefulness.

2. Gamma rhythm (30-100 Hz): Linked to cognitive functions, memory
processing, perception, and conscious activities.

3. Theta rhythm (4-8 Hz): Related to learning, memory, and navigation,
particularly in the hippocampus.

The amplitude of brainwaves is closely related to the degree of synchro-
nization among neuron populations. When neurons engage in highly syn-
chronized activity, the resulting brainwave amplitude is typically larger. Con-
versely, when neuronal activity is asynchronous, the brainwave amplitude is
lower. High-amplitude brainwaves usually indicate that more neurons are
participating in collective activity at the same time.

Phase synchronization of brainwaves across different brain regions can
also be detected. For instance, during the execution of a task, the prefrontal
cortex and sensory cortex may engage in synchronized activity at the same
frequency, which can be detected as cross-regional phase synchronization via
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EEG. This synchronization is believed to play a crucial role in functional con-
nectivity and information processing within the brain.

Macroscopic level: This refers to the synchronized activity of neuron
populations across distant regions of the brain. This phenomenon is cru-
cial for communication between different brain areas and serves as the ba-
sis for information integration, decision-making, and consciousness. The
neural electrical activity associated with global synchronization is primarily
recorded using techniques like EEG or MEG, while fMRI, through the detec-
tion of blood-oxygen-level-dependent (BOLD) signals [18], indirectly reflects
functional connectivity between brain regions.

In the following paragraphs, we will focus on the model that describes
the coupling dynamics between brain regions at a macroscopic level, which
is called a brain network model.

4.3 Brain network model

Brain network models aim to simplify and understand the complexity of
brain-wide communication by representing brain regions as nodes and the
connections between them as edges. These models are grounded in neu-
roimaging data, such as diffusion MRI (dMRI) and functional MRI (fMRI),
and utilize graph theory and dynamic systems to simulate interactions be-
tween different brain areas. The construction of such models involves two
key elements: the choice of parcellation method and the selection of node
dynamics.

Parcellation Methods: Parcellation is the process of dividing the brain
into distinct regions of interest (ROIs) that act as the nodes in a network
model. Different parcellation schemes can significantly affect the spatial res-
olution and topological properties of the resulting brain model. Commonly
used anatomical criteria for parcellation include gross anatomy, cytoarchi-
tecture, myeloarchitecture, chemoarchitecture and gene expression profiles.
Functional parcellation, on the other hand, divides brain regions based on
correlations in activity during resting-state or task-based fMRI. Functional
parcellations generally outperform anatomical atlases in capturing functional
connectivity (FC) patterns at finer voxel scales, but anatomical parcellations
offer clearer interpretability when considering results in light of existing neu-
roscience literature.

Node Dynamics: Node dynamics describe the temporal evolution of ac-
tivity in each brain region. Each node typically represents the mean activity
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of a population of neurons, and the dynamics of this ensemble can be re-
duced to a low-dimensional description. Several models are used to simulate
these dynamics, ranging from simple phenomenological models, such as the
Kuramoto model, to more biologically detailed ones, like the Wilson-Cowan
model or thalamocortical motifs. For example, the Kuramoto model treats
each node as a phase oscillator, where its dynamics are governed by a natu-
ral frequency and interactions with other nodes. This model is useful for un-
derstanding large-scale synchrony across brain regions. In contrast, more de-
tailed models like the Wilson-Cowan model account for excitatory-inhibitory
interactions, providing a richer depiction of neural dynamics. Some mod-
els, like bifurcation models, can capture both asynchronous and synchronous
states, allowing for the study of transitions between different dynamic regimes.

Many other points also can be taken into consideration, like the inclusion
of conduction delays or noise. For example, delays which account for the
time it takes for signals to propagate across brain regions are important in
electrophysiological studies, but may be less relevant when modeling slower
BOLD signals in fMRI data. Transmission delays can significantly impact
network synchronization and oscillation frequencies, highlighting the impor-
tance of tuning these parameters based on the scale of the dynamics being
studied.

4.3.1 Kuramoto model in brain network

Modern approaches often involve using phase oscillators to model the dy-
namics of brain regions, allowing for the study of phenomena such as phase
locking and synchrony between brain areas, which are crucial for under-
standing large-scale brain activity[3, 13, 18, 20, 64, 108, 110, 116, 119, 120, 125,
129, 135, 153, 164, 168, 176]. For example, Ref. [18] constructs a large-scale
neural dynamic model to investigate the relationship between local network
oscillations and resting-state functional connectivity (FC). The model aims to
explain why distinct brain regions exhibit synchronous activity during rest,
i.e., functional connectivity. Specifically, the authors utilized structural con-
nectivity (SC) data from the human brain, where each network node repre-
sents a population of neurons oscillating spontaneously in the gamma fre-
quency range (30-80 Hz). By combining structural connectivity and conduc-
tion delays, they employed the Kuramoto phase oscillator model to simulate
the interactions between these nodes.

Structural Connectivity (SC): The SC data used in the model was de-
rived from diffusion spectrum imaging (DSI) of the human brain, including
the structural connectivity between 66 brain regions, with each region acting
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as a network node. The 66 brain regions are downsampled from the high-
resolution connection matrix (998 regions of interest) obtained by Hagmann
et al. [52].

Conduction Delays: The conduction delays were computed based on the
fiber lengths between brain regions, reflecting the time it takes for neural
signals to propagate through the brain. The model uses an average delay
parameter to represent the transmission speed between nodes.

The node dynamics follows:

dθn

dt
= ωn + k

N

∑
p=1

Cnp sin
(
θp(t − τnp)− θn(t)

)
+ ηn(t) (4.28)

where ωn is the intrinsic frequency of the node, drawn from a Gaussian dis-
tribution centered around 60 Hz, Cnp is the coupling strength from node p
to node n, derived from the SC matrix. τnp is the conduction delay between
node p and node n. So this model integrated a realistic setting of both empir-
ical anatomical connectivity and axonal conduction speed.

To compare the model’s neural activity with the BOLD signal from fMRI,
the authors of [18] used the Balloon-Windkessel model, which simulates the
transformation of neural activity into BOLD signals. The BOLD signal re-
flects low-frequency fluctuations, particularly those below 0.1 Hz. The study
demonstrated that slow-wave fluctuations in the local field potentials (LFPs)
of the gamma range are associated with the low-frequency components of
the BOLD signal. The model found that under certain combinations of cou-
pling strength k and conduction delay τ, local brain regions form partially
synchronized clusters, while the global brain network does not fully syn-
chronize. The synchronization within these local clusters leads to significant
correlations in BOLD signals, successfully reproducing the experimentally
observed resting-state networks (RSNs).

4.3.2 Kuramoto model for populations of QIF neurons

Although the Kuramoto model has been used in many studies for the dy-
namics of nodes in brain networks and is indeed useful, as previously men-
tioned, it is somewhat lacking in biological realism as a phenomenological
model and does not relate well to parameters in neuroscience. However, a
recent work by Clusella et al [24] showed that the KS model can be derived
from a population of weakly coupled, nearly identical quadratic integrate-
and-fire (QIF) neurons, establishing a direct relationship between the phase
lag α and the electrical and chemical coupling strengths.
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In their paper, the authors considered the QIF model, which is a simpli-
fied quadratic equation that captures the membrane potential changes and
spiking behavior of neurons. The detailed aspects of the QIF model used in
their paper are as follows:

τ
dVi

dt
= V2

i + ηi + ϵIi,syn(t) (4.29)

where Vi is the membrane potential of neuron i, τ is the membrane time con-
stant, and ηi represents the external current input, which can vary from neu-
ron to neuron. The quadratic term V2

i introduces nonlinearity, enabling the
model to capture the rapid increase in membrane potential that occurs when
a neuron fires. When the membrane potential Vi reaches a peak value Vp, the

FIGURE 4.4: QIF model’s membrane potential V over time t.
The voltage increases quadratically, and once it reaches the
spiking threshold (marked by the red dashed line), it resets to
the reset voltage (marked by the green dashed line). This cycle
repeats, representing the periodic spiking behavior of the QIF
neuron.

model assumes the neuron fires an action potential, and the membrane po-
tential is instantaneously reset to a reset value Vr. In this paper, a symmetric
resetting rule is used, where Vp = −Vr, and the peak value Vp tends toward
infinity. This makes the QIF model equivalent to the "theta neuron model"
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in certain conditions. In this model, neurons interact via both chemical and
electrical synapses, represented by the synaptic input Ii,syn(t), which consists
of two components:

Ii,syn(t) = g(v(t)− Vi) + Jτr(t). (4.30)

Electrical Synapses (coupling strength g): Neurons are coupled diffusively
through the average membrane potential v(t) of the network, expressed as:

v(t) =
1
N

N

∑
j=1

Vj(t). (4.31)

Chemical Synapses (coupling strength J): These synapses are mediated by
the average firing rate r(t) of the neuronal population, expressed as:

r(t) =
1
N

N

∑
j=1

∑
k

δ
(

t − t(k)j

)
(4.32)

where δ(t) is the Dirac delta function, and t(k)j is the time of the k-th spike
of neuron j. Here, the QIF model demonstrates self-sustained oscillatory be-
havior. In the absence of synaptic input (Ii,syn(t) = 0), neurons can generate
periodic oscillations due to the positive external currents ηi, which mimics
the spontaneous firing behavior observed in biological neurons.

The authors derive a version of the KM that is valid for populations of
QIF neurons. The KM is shown to approximate the dynamics of QIF neurons
when both chemical and electrical couplings are weak

θ̇i = ωi +
K
N

N

∑
j=1

sin(θj − θi − α) + sin α (4.33)

K =
ϵ

τ

√(
J
π

)2

+ g2 (4.34)

α = arctan
(

J/π

g

)
(4.35)

(see derivation in Appendix C). They found that the phase lag parameter α

corresponds to the balance between chemical coupling J and electrical cou-
pling g and plays a crucial role in the synchronization properties of the net-
work. In particular, networks with both types of coupling can achieve syn-
chronization at certain coupling strengths. Also, they compare their derived
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KM with exact mean-field models, confirming that the KM provides a good
approximation of the dynamics of QIF neurons under the conditions of weak
coupling and weak heterogeneity.

Building on the discussions in the previous sections—where the Kuramoto-
Sakaguchi model was validated as a reasonable representation of individ-
ual neurons at the microscopic level, and the Ott-Antonsen reduction was
shown to effectively capture the dynamics of KS oscillator populations—we
were motivated to apply the OA-reduced model to represent node dynam-
ics within a brain network. Although OA-reduced oscillator models have
been widely studied, most previous research has focused on interactions be-
tween two populations. The study of large-scale networks, where multiple
OA-reduced oscillator populations interact with each other to form hierar-
chical networks, remains to be explored. We will address this issue in the
next chapter.

4.3.3 Metastability in the brain

Metastability refers to the ability of a system to remain in a quasi-stable
state for extended periods before transitioning to another state. In the brain,
metastability allows neural networks to flexibly switch between different ac-
tivity states, achieving a balance between local synchronization (integration)
and global desynchronization (segregation) [157]. This dynamic equilibrium
underpins cognitive flexibility, enabling the brain to adapt to diverse tasks
and stimuli without becoming locked into fixed patterns of activity. This
balance between integration and segregation is essential for supporting the
complex cognitive, sensory, and motor functions of the brain [69]. Studies
using neuroimaging techniques, such as EEG and fMRI, have provided neu-
rophysiological evidence of metastability [126, 156]. For instance, Popa et al.
observed alternating patterns of synchrony and quasi-independent activity
in the gamma frequency bands within neural ensembles of the cat brain [126].
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Chapter 5

Multi-populations of
Kuramoto-Sakaguchi oscillators

This chapter explores the dynamics of systems composed of M populations
of phase oscillators. We begin by introducing the model framework, detail-
ing the coupling schemes and the interactions between populations. Next,
we examine the spatiotemporal patterns that arise within and between pop-
ulations. This is followed by an analysis of traveling wave solutions and
their dependence on system parameters. Subsequently, we investigate the
metastable properties of the system, with a focus on the transitions between
coherence and partial synchronization.

The content of this chapter is adapted from the author’s published work:
B. Li and N. Uchida, Chaos 35, 013105 (2025). DOI: 10.1063/5.0220321

5.1 Model

We consider a KS model consisting of M populations, each containing N os-
cillators. The governing equations are as follows:

dθσ
k

dt
= ωσ

k −
M

∑
τ=1

Kστ

N

N

∑
l=1

sin(θσ
k − θτ

l + αστ), (5.1)

where σ is the index of the population, and k is the index of the oscillator
within the population. Here we assumed that the N oscillators in each pop-
ulation (σ) have the all-to-all coupling with the coupling constant Kσσ and
are also coupled to the oscillators in the other populations (τ ̸= σ) with
the strength Kστ. In the thermodynamic limit N → ∞, the collective dy-
namics can be described by the oscillator density f σ(θ, ω), which, through
the OA ansatz [115] (see Appendix A for details), can be reduced to a low-
dimensional mean-field dynamics. The complex order parameter is given
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FIGURE 5.1: Spatiotemporal patterns of amplitudes rσ(t). The
vertical axis represents the index of the oscillators and the
horizontal axis shows the time evolution. (a) Coherent state.
(b)(c) Transitions between coherent state and partially
synchronized states. (d) Partially synchronized state. (e)
Transitions between partially synchronized state and
modulated state. (f) Modulated state. (g)(h) The degree of
incoherence increases and finally reaches a complete
incoherent state. Figures are reprinted from [85].
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by
dz∗σ
dt

= −(∆σ + iΩσ)z∗σ +
M

∑
τ=1

Kστ

2

[
eiαστ z∗τ − e−iαστ zτ(z∗σ)

2
]

, (5.2)

where Ωσ and ∆σ represent the center and width of the Lorentzian distribu-
tion of natural frequencies within the population, respectively. This can be
further expressed in polar coordinates, defined as zσ = rσe−iϕσ , and is given
by

drσ

dt
= −∆σrσ +

1 − r2
σ

2

M

∑
τ=1

Kστrτ cos(αστ + ϕτ − ϕσ), (5.3)

dϕσ

dt
= −Ωσ +

1 + r2
σ

2rσ

M

∑
τ=1

Kστrτ sin(αστ + ϕτ − ϕσ), (5.4)

where rσ and ϕσ are the radial and angular components of the order param-
eter, respectively. The two-population version of this equation has been ex-
plored in previous studies [2, 97]. We consider the case where each oscillator
population is placed on a ring. If there are M populations, there are M + 1
trivial solutions: (a) M coherent solutions where all rσ are identical,

rσ = r, (5.5)

ϕσ(t) = ϕσ(0) + ωt, (5.6)

ϕσ(0) = ϕ1(0) +
2πq
M

(σ − 1), (5.7)

where q is an integer winding number. For simplicity, we assume M is even,
in which case q can take M different values q = −M

2 ,−M
2 + 1, . . . ,−1, 0, 1, . . . , M

2 −
1. The case q = 0 corresponds to a phase-synchronized state, while q ̸= 0
corresponds to a twisted state. We employ a top-hat function as the cou-
pling scheme, where Kστ = K within the coupling range R, and Kστ = 0
otherwise. We assume identical phase lags and natural frequency distribu-
tions αστ = α, ∆σ = ∆, and Ωσ = 0. Under this setup, the solutions can be
expressed as

r =

√
1 − 2∆

Kh(q; R, M) cos α
, (5.8)

ω = Kh(q; R, M) sin α − ∆ tan α, (5.9)
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where

h(q; R, M) =

2R + 1 if q = 0,
sin πq(2R+1)

M
sin πq

M
if q ̸= 0.

(5.10)

(b) 1 incoherent solution, where rσ = 0. Additionally, there are many non-
trivial solutions that cannot be expressed explicitly.

As we saw in Section 1.2, in the non-local Kuramoto-Sakaguchi phase
oscillator model, when the phase lag α is sufficiently smaller than π/2, the
system is attracted to a coherent steady state. However, as α approaches π/2,
a chimera state emerges, where the oscillators are spatially split into coherent
and incoherent groups. In the OA-reduced M-population KS model, a simi-
lar situation arises when α is much smaller than π/2, and the system enters
a coherent steady state (i.e., the trivial solution Eq. (5.5)(5.6)(5.7) or the non-
trivial solutions described in the next section). However, as α approaches
π/2, the system exhibits significantly different behavior due to the influence
of the amplitude r.

5.2 Spatiotemporal pattern

The following numerical results were obtained for the parameters M = 1000,
R = 40, ∆ = 0.01, and K = 0.045. Time integration was performed using
the fourth-order Runge-Kutta method with a time step of 0.01. Figure 5.1
shows the spatiotemporal patterns of rσ(t) for different values of α. In Fig-
ure 5.1(a), for smaller values of α, starting from random initial conditions, the
system directly enters a coherent state (either fully synchronized or twisted
state). In Figures (b) and (c), we observe that the system exhibits metastable
behavior: in the red regions, the amplitude rσ of the oscillators is almost
equal and very close to the coherent solution given by Eq. (B.3), while dur-
ing other time intervals, the oscillators are only partially synchronized. Here,
the partially synchronized state refers to a scenario where different popula-
tions exhibit varying degrees of synchrony (rσ), and both rσ and ϕσ show a
disordered spatial arrangement. As the parameter α increases, the propor-
tion of time that the system spends in the partially synchronized state grows,
until only the partially synchronized state remains (Figure 5.1(d)). With fur-
ther increases in α, the system displays another form of metastable behavior,
switching between the partially synchronized state and the modulated state
(Figure 5.1(e)). In the modulated state, the system exhibits spatially struc-
tured synchrony, where consecutive populations with rσ ≈ r alternate with
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populations where r ≈ 0. This arrangement forms a unique pattern of alter-
nating synchronized and unsynchronized populations, which we refer to as
the modulated state. The characteristic width of this spatial periodic arrange-
ment increases as the coupling range R increases. Finally, when α approaches
very close to 0.5π, this metastable behavior disappears once again, and the
system becomes completely disordered, where all rσ = 0 (Figure 5.1(h)).

5.3 Traveling wave solutions

For smaller values of α, the system reaches a trivial coherent state described
by Eq. (5.5)-(5.7). Depending on the initial conditions, the system will set-
tle into a stable coherent state with a specific value of q. However, as α in-
creases, the system transitions to a non-trivial steady state. These non-trivial
solutions have values close to the coherent solutions but exhibit non-uniform
spatial distributions and propagate at a constant speed, as shown in Figures
5.2(a) and (b). We use the phase difference ψσ = ϕσ+1 − ϕσ instead of the
phase variable ϕσ to represent the system’s state more intuitively. If the sign
of the parameter q is reversed, the direction of wave propagation will also
reverse. For different values of q, the system exhibits different α thresholds,
beyond which the traveling wave state emerges. This is illustrated in Fig-
ure 5.2(c), where the standard deviation of rσ is used as an indicator. Once
this threshold is surpassed, further increases in α lead to an increase in wave
amplitude.

How do the system’s parameters affect the coherent state? We conducted
a linear stability analysis of the coherent state. We introduced small pertur-
bations δrσ and ψσ to each oscillator’s r and ϕ, and obtained 2M eigenvalues
λm (see Appendix B). The eigenvalues λm are functions of ∆, α, K, h. For con-
venience, we define A = Kh, as it represents the product of coupling strength
and coupling distance, making it intuitive that a larger A would more likely
lead to synchronization in the system.

The linear stability ranges of different coherent states under various pa-
rameter conditions as α varies are shown in Figure 5.3. In the black regions,
2M − 1 eigenvalues have negative real parts, with only one eigenvalue hav-
ing a zero real part. In the yellow regions, at least one eigenvalue has a pos-
itive real part. Figure (a) shows the case with fixed ∆. Small A and large α

cause the coherent state to become unstable, which is consistent with empir-
ical knowledge. Figure (b) shows the case with fixed A. When ∆ exceeds
a certain threshold, the coherent state becomes unstable. From Eq. B.3, a
threshold ∆ < Kh/2 can be calculated, but the actual linear stability range is
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FIGURE 5.2: Traveling wave solutions with q = −5 for
α = 0.449π, 0.450π, 0.451π. (a) The amplitude and (b) phase
difference between nearest neighbors. The arrow shows the
traveling direction of the wave. (c) Standard deviation s of the
amplitude. For s = 0, the system is in a trivial coherent state.
For s > 0, the system exhibits a traveling wave. The threshold
varies for different q. Figures are reprinted from [85].
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FIGURE 5.3: Linear stability diagram of the coherent state with
|q| = 0, 1, . . . , 10. The black area shows the parameter range
where the coherent state is neutrally stable. The yellow area
shows where the coherent state is unstable. Figures are
reprinted from [85].
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smaller. Figure (c) shows the case with fixed ∆, where it is evident that the
stability range of the coherent state decreases as q increases.

It is worth noting that within the parameter range where the system ex-
hibits traveling wave solutions, the coherent solution is also linearly stable.
However, extensive simulations show that even if both solutions are stable,
all initial conditions eventually converge to the traveling wave solution. This
suggests that the traveling wave solution has a larger basin of attraction com-
pared to the coherent solution with the same q value.

5.4 Metastability

As mentioned earlier, before reaching a steady state, the system transitions
between different metastable states in a certain range of α. Figure 5.4 shows
an example with α = 0.458π. During the first 5000 time units, the system
enters and exits the coherent state four times. In these coherent states, the
spatially averaged amplitude of the oscillators is close to the value given
by Eq.(B.3), and the average phase difference ψ remains constant through-
out each metastable period (see Figure5.4(d)). We can determine how many
transitions the system undergoes by counting the number of continuous seg-
ments where ψ remains unchanged. In the example shown in Figure 5.4, the
system undergoes dozens of such transitions before finally stabilizing.

The lifetimes of the stable coherent states that the system reaches under
different values of α, as well as the number of transitions between differ-
ent coherent states during this process, are shown in Figure 5.5. As α in-
creases, the lifetime of the transition process exhibits exponential growth. It
can be observed that when α exceeds 0.46π, there are no lifetimes shorter
than 500,000 time units. Additionally, for α > 0.46π, the number of tran-
sitions begins to decrease. This is because fluctuations in the system start
to dominate, leading to a weakened attraction towards the coherent states.
Around α = 0.46π, the system exhibits the strongest metastability.

For 0.485π < α < 0.495π, the system shows a novel state we call the
modulated state. This state is characterized by a spatially periodic modula-
tion of the amplitude of the oscillators. The system again displays metastable
behavior between the partially synchronized state and modulated state (Fig.
5.1(e)). We define the variance of the amplitude

χ = ⟨V⟩T , (5.11)

V(t) =
1
M

M

∑
σ=1

(rσ(t)− ⟨rσ(t)⟩)2 , (5.12)
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FIGURE 5.4: Transition between coherent and partially
synchronized states for α = 0.458π. (a) Spatiotemporal pattern
of rσ. In the time window t ∈ [0, 5000], the system has
experienced 4 coherent states: [656,904], [2081,2344],
[2817,2956], [3622,4381]. Time evolution of the (b) spatially
averaged amplitude r(t) and (c) standard deviation of
amplitude s for t < 5000. (d) Time evolution of the average
phase difference of neighbor oscillators ψ(t). It is constant in
the coherent state and the corresponding twist number is
q = ψM/2π. In this example, the 4 coherent states are q =
7,6,6,5 respectively. (e) r(t) on a longer timescale. The system
eventually enters a stable coherent state at t ≈ 23260. (f)
Spatiotemporal pattern of 1rσ in the time window [2330:2360]
showing the collapse of the coherent state. (g) Time evolution
of the standard deviation of the amplitude s (logscale, purple)
and the average phase difference ψ (green) in the time window
[2000,2400] showing the transitions between the incoherent
and coherent states. Figures are reprinted from [85].
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FIGURE 5.5: For each α, 10 different initial conditions were
taken, and the simulations were run up to t = 500000. (a) The
lifetime of the transition process. (b) The number of coherent
states system goes through within 500000 time units. We
define that if ψ(t) remains constant for more than 25 time
units, the system is considered to have entered a coherent
state. This choice of threshold does not qualitatively change
the result. Figures are reprinted from [85].

where ⟨V⟩T means the time average, to characterize these different states (it
was also used in the previous study [139] to evaluate the degree of chimera
behavior in the system). Fig. 5.6 shows the dependence of χ on α. Time
average is taken over 0 ≥ t ≥ 5000, and 30 trials with different initial con-
ditions for each value of α are shown. When α < α1 ≈ 0.44π, the system
rapidly settles into a stable coherent state with a constant r, and hence the
variance of r is almost zero. When α1 < α < α2 ≈ 0.465π, the system ex-
hibits metastable behavior, transitioning back and forth between coherent
and partially synchronized state (Fig. 5.4(b)), leading to an increase in χ as
the proportion of time spent in the partially synchronized state grows. When
α2 < α < α3 ≈ 0.485π, the system enters a persistent partially synchronized
state, and the slow increase in χ is due to the increasing amplitude disper-
sion within the partially synchronized state. When α3 < α < α4 ≈ 0.495π,
the system exhibits either a modulated state or metastable behavior between
the modulated and partially synchronized states. In the latter case, χ is larger
than the partially synchronized state since the modulated state has a larger
dispersion of r. This explains the branching behavior of χ. Finally, when
α4 < α ≤ 0.5π, the amplitudes of all oscillators gradually decrease to zero.
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FIGURE 5.6: Time average of the spatial variance of the
amplitude χ. Different states of the system are characterized
by χ. The dotted lines show α1, α2, α3 and α4. (i) 0 ≤ α < α1:
coherent state. (ii) α1 < α < α2: metastable transition between
coherent state and partially synchronized state.
(iii)α2 < α < α3: partially synchronized state. (iv)α3 < α < α4:
metastable transition between partially synchronized state and
modulated state. (v)α4 ≤ α < 0.5: incoherent state. Figures are
reprinted from [85].



Chapter 5. Multi-populations of Kuramoto-Sakaguchi oscillators 84

5.5 Conclusion

We studied the Ott-Antonsen-reduced M-population Kuramoto-Sakaguchi
oscillator model and discovered a rich variety of dynamical behaviors by
varying the phase lag parameter α. Unlike the ordinary KS phase oscillator
model [30, 68, 84, 91], which typically only shows the coexistence of synchro-
nized and unsynchronized states, we found that this system exhibits new
metastable behaviors. In this system, the amplitude variable r plays a cru-
cial role, making the phase space of the system extremely complex, which in
turn leads to the emergence of new attractors in the form of traveling waves.
Unlike other amplitude-related behaviors, such as amplitude chimeras [173,
174], this system continuously transitions between different states. It remains
for some time on a trajectory close to the coherent state attractor (without
entering its basin of attraction) and then deviates at certain moments to par-
tially synchronize for a period, before once again approaching the vicinity
of the coherent state. The transitions between these metastable states are
not driven by external disturbances or noise but are instead triggered by the
inherent complex structure of the phase space in this high-dimensional non-
linear system. This metastability is attributed to the inhomogeneity ∆ within
the populations (with ∆ set to 0, the mean-field behavior of the population is
equivalent to that of the original KS phase oscillator).

Metastability, which is the coexistence of segregated and integrated neu-
ral dynamics, is considered a hallmark of brain activity in neuroscience [157].
Key brain functions are thought to be encoded by the coexistence of segre-
gation (where neuron assemblies tend to differentiate and operate indepen-
dently) and integration (where neuron assemblies tend to synchronize). Fur-
thermore, recent studies have found a connection between the value of α and
the ratio of electrical and chemical synapses in the brain [24]. By extending
the OA-reduced M-population KS model to the brain network, we can link
the microscopic and macroscopic descriptions and capture the microscopic
properties of the underlying neuronal system. Given that this model exhibits
both the association with synaptic properties and metastable behavior, it is a
promising candidate for brain network modeling.
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Chapter 6

Conclusion

This dissertation presents a comprehensive exploration of the effects of frus-
tration induced by nonlocal coupling with a phase delay on the collective dy-
namics of coupled phase oscillators. Through three interconnected studies,
I have sought to address the broader question of how complex synchroniza-
tion patterns and chimera states emerge in systems where oscillators (i) inter-
act repulsively, (ii) have mobility, or (iii) have a hierarchical network struc-
ture. The underlying goal was to investigate the mechanisms that lead to
partial synchronization, desynchronization, and metastable dynamics, and
to determine how these mechanisms apply to both physical systems and bi-
ological networks, particularly in neuroscience.

1. Nonlocally Coupled Oscillators with Repulsive Coupling

The first study investigated the dynamics of nonlocally coupled os-
cillators with repulsive interactions, a less explored area compared to
attractive coupling. Oscillators arranged on a one-dimensional ring
were coupled nonlocally with a phase lag parameter α, introducing
frustration. The study aimed to understand how repulsive coupling
shapes synchronization and phase transitions, revealing the emergence
of chimera states—coexisting coherent (twisted) and incoherent regions.

Through spatiotemporal plots and linear stability analysis, the condi-
tions for twisted state stability were identified. Increasing α drove tran-
sitions from incoherent states to chimera states and eventually to a
phase dominated by coherent twisted states. Comparisons with Z2-
symmetric directed percolation (DP2) highlighted similarities, includ-
ing two twisted states analogous to DP2’s absorbing states and incoher-
ent regions acting as transient intermediates akin to DP2’s active sites.
However, the oscillator system differed by exhibiting traveling waves
originating from incoherent regions, a feature absent in DP2, due to the
continuous nature of phase variables.
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The fraction of incoherent regions displayed a power-law decay near
the critical transition, with distinct critical exponents compared to DP2.
These findings underscore how repulsive coupling and continuous phase
dynamics lead to unique behaviors, extending the understanding of
universality in coupled systems.

2. Impact of Mobility on Oscillator Synchronization

The second study explored the role of mobility in nonlocally coupled
oscillator systems, extending the investigation into how spatial dynam-
ics influence synchronization and pattern formation. Unlike static sys-
tems, where oscillators are fixed in space, this study considered a sce-
nario in which oscillators could move, dynamically altering their cou-
pling neighborhoods. Mobility was introduced as a stochastic process,
where oscillators randomly swapped positions within a defined range,
adding an additional layer of complexity to the system.

We first found that mobility destabilizes twisted states with large |q|
and enlarges the attraction basin of twisted states with small |q|, and
the decay of the root mean square of |q| follows a power law. Also, we
examine the timescales associated with the randomization and restora-
tion of coherence by analyzing mobility and coupling independently.
Through this comparison, we identify the critical mobility threshold
at which twisted states become unstable. Moreover, a novel mesh-like
spatiotemporal pattern is identified.

By revealing how mobility enhances interaction dynamics and affects
stability, the study provides insights into applications ranging from mo-
bile sensor networks to models of neuronal activity with rewiring capa-
bilities.

3. Hierarchical Oscillator Networks

The third study investigated the dynamics of hierarchical networks com-
posed of M-populations of phase oscillators. Each population was treated
as a distinct unit which followed the Kuramoto-Sakaguchi dynamics.
The hierarchical structure gave rise to metastable states, where popu-
lations exhibited transient synchronization before transitioning to the
partially synchronized state. This metastability is attributed to the in-
homogeneity of the intrinsic frequency ∆ within the populations. Be-
sides, a non-trivial traveling wave solution was observed in specific
parameter regimes.
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This study demonstrated that hierarchical coupling introduces new di-
mensions of complexity to oscillator dynamics, enabling the emergence
of metastable behaviors and rich spatiotemporal patterns. These find-
ings are connected to hierarchical structures in the brain, where par-
tial synchronization and metastable dynamics are believed to play key
roles in cognitive functions. The model provided a theoretical basis for
understanding how hierarchical coupling can regulate transitions be-
tween functional states in neural systems.

These three studies are unified by a central question: how does frustration
shape the emergence of synchronization and desynchronization in coupled
oscillator systems? The research aims to identify the mechanisms driving
complex dynamical states, such as chimera states and metastability, and to
understand their transitions under varying conditions, including coupling
functions, mobility, and network structure. While each study focuses on dis-
tinct system characteristics, they collectively contribute to a comprehensive
understanding of how different factors influence synchronization.

The motivation for this research stems from an interest in brain dynamics,
where synchronization and desynchronization are fundamental to cognitive
processes. Inspired by these phenomena, the studies explore the conditions
under which synchronized and desynchronized states coexist and transition,
offering insights into real-world systems like brain networks.

The results demonstrate that frustration is a key factor in forming chimera
states, mobility profoundly alters the synchronization landscape, and hierar-
chical network structures enable metastable dynamics. In conclusion, this
dissertation fulfills its goal of exploring the role of frustration in coupled os-
cillator systems. The insights presented here provide a cohesive framework
for understanding complex dynamical behaviors and pave the way for future
studies on synchronization in both theoretical and applied contexts.
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Appendix A

Ott-Antonsen Reduction of
m-population of KS model

Let us consider Kuramoto-Sakaguchi model with m populations of N oscil-
lators,

dθσ
k

dt
= ωσ

k −
m

∑
τ=1

Kστ

N

N

∑
l=1

sin(θσ
k − θτ

l + α), (A.1)

where θσ
k is the phase of the k-th oscillator of popluation σ.

Considering the thermodynamic limit where N → ∞, the order parame-
ter for each population can be defined as

zσ(t) =
∫ ∞

−∞

∫ 2π

0
fσ(ω

σ, θσ, t)eiθσ
dθσdωσ, (A.2)

where fσ(ωσ, θσ, t) is the probability density of oscillators in population σ,
obeying the continuity equation

∂ fσ

∂t
+

∂

∂θσ
( fσvσ) = 0, (A.3)

where vσ(ωσ, θσ, t) is their velocity, given by

vσ = ωσ −
m

∑
τ=1

Kστ

∫ ∞

−∞

∫ 2π

0
fτ(ω

τ, θτ, t) sin(θσ − θτ + αστ)dθτdωτ

= ωσ −
m

∑
τ=1

KστIm
[∫ ∞

−∞

∫ 2π

0
fτ(ω

τ, θτ, t)ei(θσ−θτ+αστ)dθτdωτ

]
= ωσ −

m

∑
τ=1

KστIm
[
ei(θσ+αστ)z∗τ(t)

]
= ωσ −

m

∑
τ=1

Kστ

2i

[
ei(θσ+αστ)z∗τ(t)− e−i(θσ+αστ)zτ(t)

]
. (A.4)
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Using the Ott-Antonsen ansatz [115], fσ(ωσ, θσ, t) can be expanded to a Fourier
series of θ with a set of specific coefficients fσ,n(ωσ, t) = [a(ωσ, t)]n,

fσ(ω
σ, θσ, t) =

gσ(ωσ)

2π

{
1 +

∞

∑
n=1

[aσ(ω
σ, t)]neinθσ

+ c.c.

}
. (A.5)

Putting Eq. (A.5) into Eq. (A.2), so that zσ(t) can be written as a function of a,

zσ(t) =
∫ ∞

−∞

∫ 2π

0

gσ(ωσ)

2π

{
1 +

∞

∑
n=1

[aσ(ω
σ, t)]neinθσ

+ c.c.

}
eiθσ

dθσdωσ

=
∫ ∞

−∞

∫ 2π

0

gσ(ωσ)

2π
[aσ(ω

σ, t)]∗dθσdωσ

=
∫ ∞

−∞
gσ(ω

σ)[aσ(ω
σ, t)]∗dωσ. (A.6)

Putting Eq. (A.5) into Eq. (A.3),

0 =
∂ fσ

∂t
+

∂

∂θσ
( fσvσ)

=
gσ(ωσ)

2π

{
∞

∑
n=1

[
nan−1

σ
∂aσ

∂t
einθσ

+ n(a∗σ)
n−1 ∂a∗σ

∂t
e−inθσ

]}

+
gσ(ωσ)

2π

∞

∑
n=1

[
inan

σeinθσ − in(a∗σ)
ne−inθσ

]
×
{

ωσ −
m

∑
τ=1

Kστ

2i

[
ei(θσ+αστ)z∗τ − e−i(θσ+αστ)zτ

]}

+
gσ(ωσ)

2π

{
1 +

∞

∑
n=1

[an
σeinθσ

+ (a∗σ)
ne−inθσ

]

}

×
{
−

m

∑
τ=1

Kστ

2i

[
iei(θσ+αστ)z∗τ + ie−i(θσ+αστ)zτ

]}
. (A.7)

Extract the coefficients of the 1st-order term eiθσ
,

0 =
∂aσ

∂t
eiθσ

+ iωσaσeiθσ
+

m

∑
τ=1

Kστa2
σei(θσ−αστ)zτ

−
m

∑
τ=1

Kστ

2

[
ei(θσ+αστ)z∗τ + a2

σei(θσ−αστ)zτ

]
,

∂aσ

∂t
= −iωσaσ +

m

∑
τ=1

Kστ

2

[
eiαστ z∗τ − a2

σe−iαστ zτ

]
. (A.8)
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By choosing a Lorentzian distribution with center Ωσ and width ∆σ,

gσ(ω
σ) =

1
π

∆σ

(ωσ − Ωσ)2 + ∆2
σ

=
1

2πi

[
1

ωσ − Ωσ − i∆σ
− 1

ωσ − Ωσ + i∆σ

]
, (A.9)

Eq. A.6 can be calculated by closing the contour by a large semicircle in the
lower half ωσ-plane, where the integral is given by the residue of the pole at
ωσ = Ωσ − i∆σ,

zσ(t) =
∫ ∞

−∞
gσ(ω

σ)[aσ(ω
σ, t)]∗dωσ

=
1

2πi

∫ ∞

−∞

{
[aσ(ωσ, t)]∗

ωσ − Ωσ − i∆σ
− [aσ(ωσ, t)]∗

ωσ − Ωσ + i∆σ

}
dωσ

= −Res
(

[aσ(ωσ, t)]∗

ωσ − Ωσ + i∆σ
, ωσ = Ωσ − i∆σ

)
= [aσ(Ωσ − i∆σ, t)]∗ . (A.10)

Finally, using Eq. A.8, the dynamics of the order parameter zσ(t) can be rep-
resented as follow,

dz∗σ
dt

= −(∆σ + iΩσ)z∗σ +
m

∑
τ=1

Kστ

2

[
eiαστ z∗τ − e−iαστ zτ(z∗σ)

2
]

. (A.11)

Then we can rewrite these equations in polar coordinates zσ = rσe−iϕσ where
r and ϕ are the radial and angular components of order parameter respec-
tively.

d
dt

(rσeiϕσ) = −(∆σ + iΩσ)rσeiϕσ

+
m

∑
τ=1

Kστ

2

[
rτei(αστ+ϕτ) − rτr2

σe−i(αστ+ϕτ−2iϕσ)
]

, (A.12)

Re(LHS) =
drσ

dt
cos ϕσ − rσ sin ϕσ

dϕσ

dt
, (A.13)

Im(LHS) =
drσ

dt
sin ϕσ + rσ cos ϕσ

dϕσ

dt
, (A.14)
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Re(RHS) = Ωσrσ sin ϕσ − ∆σrσ cos ϕσ

+
m

∑
τ=1

Kστ

2

[
rτ cos(αστ + ϕτ)− rτr2

σ cos(αστ + ϕτ − 2ϕσ)
]

,(A.15)

Im(RHS) = −Ωσrσ cos ϕσ − ∆σrσ sin ϕσ

+
m

∑
τ=1

Kστ

2

[
rτ sin(αστ + ϕτ) + rτr2

σ sin(αστ + ϕτ − 2ϕσ)
]

.(A.16)

Comparing Eq. (A.13) and Eq. (A.14), we get

drσ

dt
= Im(RHS) sin ϕσ + Re(RHS) cos ϕσ,

dϕσ

dt
=

1
rσ

[Im(RHS) cos ϕσ − Re(RHS) sin ϕσ] ,

So the dynamics of the order parameter of this system can be written as:

drσ

dt
= −∆σrσ +

1 − r2
σ

2

m

∑
τ=1

Kστrτ cos(αστ + ϕτ − ϕσ), (A.17)

dϕσ

dt
= −Ωσ +

1 + r2
σ

2rσ

m

∑
τ=1

Kστrτ sin(αστ + ϕτ − ϕσ). (A.18)
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Appendix B

Linear Stability Analysis of
m-population OA-KS Model

We apply the linear stability analysis to the m-population OA-KS model. The
populations are on a ring with a coupling range R. Kστ, αστ, ∆σ are set iden-
tical, and Ωσ is set to 0.

drσ

dt
= −∆rσ +

1 − r2
σ

2
K

σ+R

∑
τ=σ−R

rτ cos(α + ϕτ − ϕσ), (B.1)

dϕσ

dt
=

1 + r2
σ

2rσ
K

σ+R

∑
τ=σ−R

rτ sin(α + ϕτ − ϕσ). (B.2)

One obvious attractor of this system is the synchronization solution:

rσ = r, (B.3)

ϕσ(t) = ϕσ(0) + ωt, (B.4)

ϕσ(0) = ϕ1(0) +
2πq
M

(σ − 1), (B.5)

where q is the twist number. The constant value r can be calculated as fol-
lows:

0 = −∆r +
1 − r2

2
Kr

σ+R

∑
τ=σ−R

cos(α + ϕτ − ϕσ). (B.6)
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Considering that ϕτ − ϕσ = (τ − σ)2πq
M , and let n = τ − σ, we can easily get

r =

√√√√1 − 2∆

K ∑R
n=−R cos

(
α + 2πq

M n
) , (B.7)

ω =
1 + r2

2
K

R

∑
n=−R

sin
(

α +
2πq
M

n
)

. (B.8)

For synchronous state (q = 0),

r =

√
1 − 2∆

K(2R + 1) cos α
, (B.9)

ω =
1 + r2

2
K(2R + 1) sin α

=

[
K(2R + 1)− ∆

cos α

]
sin α, (B.10)

For twisted states (q ̸= 0), the summation term can also be written in a simple
form:

R

∑
n=−R

cos
(

α +
2πq
M

n
)

= h(q; R, M) cos α, (B.11)

R

∑
n=−R

sin
(

α +
2πq
M

n
)

= h(q; R, M) sin α (B.12)

h(q; R, M) =

2R + 1 if q = 0
sin πq(2R+1)

M
sin πq

M
if q ̸= 0

. (B.13)

Thus,

r =

√
1 − 2∆

Kh(q; R, M) cos α
, (B.14)

ω =
1 + r2

2
Kh(q; R, M) sin α

=

(
Kh(q; R, M)− ∆

cos α

)
sin α. (B.15)
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Notice that h(q; R, M) is always smaller than 2R + 1, so for α < 0.5π, the
twisted states have a smaller r than the synchronous state.

Substituting r∗ + δr and ϕ∗ + δϕ into eq. (B.1)(B.2) and linearizing it, We
get,

fσ =
d
dt

δrσ

=

(
−∆ − Krσ

σ+R

∑
τ=σ−R

rτ cos(α + ϕτ − ϕσ)

)
δrσ

+
1 − r2

σ

2
K

σ+R

∑
τ=σ−R

cos(α + ϕτ − ϕσ)δrτ

+
1 − r2

σ

2
K

σ+R

∑
τ=σ−R

rτ sin(α + ϕτ − ϕσ)δϕσ

− 1 − r2
σ

2
K

σ+R

∑
τ=σ−R

rτ sin(α + ϕτ − ϕσ)δϕτ, (B.16)

gσ =
d
dt

δϕσ

=
r2

σ − 1
2r2

σ
K

σ+R

∑
τ=σ−R

rτ sin(α + ϕτ − ϕσ)δrσ

+
1 + r2

σ

2rσ
K

σ+R

∑
τ=σ−R

sin(α + ϕτ − ϕσ)δrτ

− 1 + r2
σ

2rσ
K

σ+R

∑
τ=σ−R

rτ cos(α + ϕτ − ϕσ)δϕσ

+
1 + r2

σ

2rσ
K

σ+R

∑
τ=σ−R

rτ cos(α + ϕτ − ϕσ)δϕτ. (B.17)

The Jacobian is

J =



∂ f1
∂r1

· · · ∂ f1
∂rM

∂ f1
∂ϕ1

· · · ∂ f1
∂ϕM

... . . . ...
... . . . ...

∂ fM
∂r1

· · · ∂ fM
∂rM

∂ fM
∂ϕ1

· · · ∂ fM
∂ϕM

∂g1
∂r1

· · · ∂g1
∂rM

∂g1
∂ϕ1

· · · ∂g1
∂ϕM

... . . . ...
... . . . ...

∂gM
∂r1

· · · ∂gM
∂rM

∂gM
∂ϕ1

· · · ∂gM
∂ϕM


(B.18)
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This matrix can be divided into 4 big blocks. In each of the 4 blocks, all diag-
onal elements are equal, all off-diagonal elements are equal, but the diagonal
and off-diagonal elements are different from each other. Let A = Kh(q; R, M)

and r is the solution,

∂ fσ

∂rσ
= ∆ − A cos α

∂ fσ

∂rτ
= ∆

∂ fσ

∂ϕσ
= ∆r tan α

∂ fσ

∂ϕτ
= −∆r tan α

∂gσ

∂rσ
= −∆ tan α

r
∂gσ

∂rτ
=

sin α − ∆ tan α

r
∂gσ

∂ϕσ
= ∆ − 1

∂gσ

∂ϕτ
= 1 − ∆

We can calculate the eigenvalue of this matrix analytically as follows. First,
we rearrange it to create a new matrix that contains n × n small 2 × 2 blocks,
where all diagonal blocks are identical, and all off-diagonal blocks are iden-
tical.

J =



∂ fσ

∂rσ

∂ fσ

∂ϕσ
· · · ∂ fσ

∂rτ

∂ fσ

∂ϕτ
· · · ∂ fσ

∂rτ

∂ fσ

∂ϕτ
∂gσ

∂rσ

∂gσ

∂ϕσ
· · · ∂gσ

∂rτ

∂gσ

∂ϕτ
· · · ∂gσ

∂rτ

∂gσ

∂ϕτ
...

... . . . ...
... . . . ...

...
∂ fσ

∂rτ

∂ fσ

∂ϕτ
· · · ∂ fσ

∂rσ

∂ fσ

∂ϕσ
· · · ∂ fσ

∂rτ

∂ fσ

∂ϕτ
∂gσ

∂rτ

∂gσ

∂ϕτ
· · · ∂gσ

∂rσ

∂gσ

∂ϕσ
· · · ∂gσ

∂rτ

∂gσ

∂ϕτ
...

... . . . ...
... . . . ...

...
∂ fσ

∂rτ

∂ fσ

∂ϕτ
· · · ∂ fσ

∂rτ

∂ fσ

∂ϕτ
· · · ∂ fσ

∂rσ

∂ fσ

∂ϕσ
∂gσ

∂rτ

∂gσ

∂ϕτ
· · · ∂gσ

∂rτ

∂gσ

∂ϕτ
· · · ∂gσ

∂rσ

∂gσ

∂ϕσ


(B.19)
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Then, according to the Bloch theorem, the eigenvalues of this matrix are the
same as the following n small 2 × 2 matrices.(

∂ fσ

∂rσ
+ ∂ fσ

∂rτ
ei 2π

M m ∂ fσ

∂ϕσ
+ ∂ fσ

∂ϕτ
ei 2π

M m

∂gσ

∂rσ
+ ∂gσ

∂rτ
ei 2π

M m ∂gσ

∂ϕσ
+ ∂gσ

∂ϕτ
ei 2π

M m

)

=

(
∆ − A cos α + ∆ei 2π

M m ∆r tan α − ∆r tan αei 2π
M m

−∆ tan α
r + sin α−∆ tan α

r ei 2π
M m ∆ − 1 + (1 − ∆)ei 2π

M m

)

=

(
am bm

cm dm

)
(B.20)

where m = 1, 2, . . . , M. So the eigenvalues are:

λm± =
(a + d)±

√
(a + d)2 − 4(ad − bc)

2
(B.21)

a + d = 2∆ − A cos α − 1 + ei 2π
M m

(a + d)2 = (2∆ − 1 − A cos α)2 + (4∆ − 2 − 2A cos α)ei 2π
M m + ei 4π

M m

= (2∆ − A cos α)2 − (4∆ − 2 − 2A cos α)
(

1 − ei 2π
M m
)
−
(

1 − ei 4π
M m
)

ad = (∆ − 1)
(

∆ − A cos α + A cos αei 2π
M m − ∆ei 4π

M m
)

= (∆ − 1)
[
∆
(

1 − ei 2π
M m
)
− A cos α

(
1 − ei 4π

M m
)]

bc = −∆2 tan2 α + ∆ sin α tan αei 2π
M m + (∆2 tan2 α − ∆ sin α tan α)ei 4π

M m

= −∆ tan α
[
sin α

(
1 − ei 2π

M m
)
+ (∆ tan α − sin α)

(
1 − ei 4π

M m
)]

Rewrite it as the following form:

λm± =
C0 + ei 2π

M m ±
√

C1 + C2ei 2π
M m + C3ei 4π

M m

2
(B.22)

where

C0 = 2∆ − 1 − A cos α

C1 = (A cos α − 1)2 − 4∆2 tan2 α

C2 = (A cos α − 1)(2 − 4∆) + 4∆ sin α tan α

C3 = (2∆ − 1)2 + 4(∆2 tan2 α − ∆ sin α tan α)
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Then we extract the real part of the eigenvalue. Since the square root term is√
C1 + C2ei 2π

M m + C3ei 4π
M m

=

√
C1 + C2 cos

(
2π

M
m
)
+ C3 cos

(
4π

M
m
)
+ i
(

C2 sin
(

2π

M
m
)
+ C3 sin

(
4π

M
m
))

let the real part and imaginary part of the square root term be x and y, and
use the formulation

Re(
√

x + iy) =

0 if x = 0

(x2 + y2)
1
4 cos

(
1
2 tan−1(x, y)

)
if x ̸= 0

Finally, the real part of eigenvalues are

Re(λm±) =
C0 + cos

(2π
M m

)
± (x2 + y2)

1
4 cos

(
1
2 tan−1(x, y)

)
2

(B.23)

x = C1 + C2 cos
(

2π

M
m
)
+ C3 cos

(
4π

M
m
)

y = C2 sin
(

2π

M
m
)
+ C3 sin

(
4π

M
m
)
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Appendix C

Derivation of the KS model from
the QIF model:

The original derivation is from Ref. [24]. The QIF model is described by the
following equation:

τ
dVi

dt
= V2

i + ηi + ϵIi,syn(t) (C.1)

where Vi is the membrane potential of neuron i, τ is the membrane time con-
stant, ηi represents an external current (which can vary for each neuron), and
Ii,syn(t) contains both chemical and electrical synaptic inputs. The parameter
ϵ indicates that the coupling is weak.

To convert the QIF model into the Kuramoto model, the phase resetting
curve (PRC) needs to be calculated. The PRC describes how the phase of a
neuron changes when it receives a small perturbation. For an isolated QIF
neuron (no synaptic input), the membrane potential has the solution:

Vi(t) =
√

ηi tan
(

t
√

ηi

τ
− π

2

)
(C.2)

with the oscillation frequency:

ωi =
2
√

ηi

τ
(C.3)

A phase variable θi is defined in the interval [0, 2π) as:

θi = ωit = 2 arctan
(

Vi√
ηi

)
+ π (C.4)
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If a small perturbation δV is applied to the membrane potential, the phase
will shift according to the PRC. The resulting PRC for the QIF neuron is:

PRC(θi, δV) = 2 arctan
(

δV
√

ηi
− cot

(
θi

2

))
+ π − θi (C.5)

Next, we can apply the weak coupling approximation, assuming that the
perturbation to the membrane potential is small |δV| ≪ 1. In this case, the
PRC can be linearized:

PRC(θi, δV) ≈ Z(θi)δV (C.6)

where Z(θi) is the phase sensitivity function (or infinitesimal PRC). For the
QIF model, the iPRC is:

Z(θi) =
1 − cos(θi)√

ηi
(C.7)

Using this result, we can derive the Winfree model for the weakly coupled
QIF neurons, which describes the phase dynamics of neuron:

θ̇i = ωi +
ϵ

τ
(1 − cos θi)

N

∑
j=1

P(θi, θj) (C.8)

To further simplify the model, let us assume that the external current ηi has
weak heterogeneity and can be written as the average η plus a small dis-
tributed term ϵχi:

ηi = η̄ + ϵχi (C.9)

Under this assumption, the weak coupling ϵ implies that both the coupling
terms and the heterogeneity are small. The authors then use the method of
averaging, where the phase θi is split into a fast oscillation part Φ and a slow
phase drift ϕi:

θi = Φ + ϕi (C.10)

After applying the averaging approximation, the slow phase dynamics are
governed by:

ϕ̇i =
ϵ

τN

N

∑
j=1

Γ(ϕj − ϕi) (C.11)

where the interaction function Γ(ϕj − ϕi) is given by:

Γ(ϕj − ϕi) =
χi√

η̄
+ g sin(ϕj − ϕi) +

J
π
(1 − cos(ϕj − ϕi)) (C.12)
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Through the steps above, we reduce the QIF model to a form resembling the
Kuramoto model. The final equation for the Kuramoto model is:

θ̇i = ωi +
K
N

N

∑
j=1

sin(θj − θi − α) + sin α (C.13)

where the coupling strength K and phase lag parameter α are related to the
QIF model’s chemical and electrical coupling strengths:

K =
ϵ

τ

√(
J
π

)2

+ g2 (C.14)

α = arctan
(

J/π

g

)
(C.15)
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